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PREFACE 


Tuts book is mtended to be an introduction to the formal study 
of analytical geometry. The advance from ordinary geometry 
to analytical geometry is often beset with difficulties for the 
' beginner, who usually finds it hard to think and visualise in 
terms of the new methods. With a view to making his road 
as easy as possible I have dealt only with the simpler forms of 
the equations belonging to the straight line and circle, in the 
first six chapters of this book, reserving the harder forms for 
the remaining chapters.. To the same end I have employed 
a method for establishing the linear locus which involves 
geometry of a very simple and familiar kind, and have after- 
wards applied it when finding the distance of a point from a 
line, a formula the working-out of which is frequently a 
_ stumbling-block to the learner. In this way it is hoped that 
the progress of the student will be along a path of gentle slope, . 
from well-known geometrical methods to the highly analyti- 
cal processes involved in Joachimsthal’s Ratio Equation. In 
many cases I have worked out introductory examples of a 
numerical type before dealing with a piece of general theory, 
in order that the reader’s mind may have a clear picture to help 
him to follow the general argument. Considerable attention 
has been paid to the text and diagrams dealing with pencils 
of lines and circles, as a firm grasp of these matters is essential 
to the student who intends to proceed to the higher mathe- 
matics. Bearing in mind the needs of the private student I 
have been very full in all the discussions and have given many 
illustrative examples. 
Vv 
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To provide a collection of suitable exercises has been a work 
of no small labour. The questions hitherto set in examination 
papers have rarely involved a geometrical figure, but have 
been mere pieces of algebraic work. This source of examples, 
usually so fruitful, has therefore been non-existent for me, as 
my aim has been to show the student that analytical geometry 
does really deal with geometry, and is not all algebra, a point 
on which he is often dubious at the end of the usual pre- 
liminary course. Hence while setting a sufficient number 
of drill examples, I have adapted many familiar deductions, 
or have myself evolved a suitable geometrical configuration. 
Examples worked out in the text have often been inserted 
among the examples at the ends of the chapters, so that the 
student may turn back and compare his own methods with 
those of the book, noting where he may improve when his own 
are inferior, and deriving encouragement when they are 
superior. Whenever possible, he should solve his problem by 
ordinary geometry after he has worked it out by analysis. In 
no case should he neglect to carry out the graphical part of 
those questions in which he has been instructed to use squared 
paper. 

I wish to acknowledge gratefully my very deep indebtedness 
to Dr. W. P. Milne, Clifton College, for invaluable suggestions 
and criticism. I have also to thank Dr. Charles M‘Leod, Senior 
Mathematical Master, Grammar School, Aberdeen, for advice 
on some points; Mr. John W. Robertson, M.A., B.Sc., Mathe- 
matical Master in Robert Gordon’s College, Aberdeen, and my 
colleague, Mr. R. W. Evans, B.A., of Trinity College, Cam- 
bridge, for assistance in reading the proof-sheets. 


J. M. 
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ANALYTICAL GEOMETRY 


CHAPTER I 


CO-ORDINATES : THE DISTANCE BETWEEN TWO POINTS: 
GRAPHS 


_ IL. Aistorical—The remotest source from which geometry 
has reached us is the ancient Egyptians through the work of 
a priest called Ahmes, entitled Directions for knowing all Dark 
Things. The geometry of the Egyptians sprang from the 
practical conditions of their life, and made but little progress 
amongst them. With them it was scarcely more than the art 
of mensuration, a rough system of which was essential, as the 
annual overflowing of the Nile obliterated landmarks, and 
necessitated a survey of the country after the subsidence of 
the waters. As a branch of science geometry begins among 
the Greeks with Thales of Miletus, who flourished between 
640 and 542 B.c. Its development through many centuries 
by that brilliant and gifted race we cannot here trace, but one 
name we must mention in passing, that of Euclid, as his 
influence is felt by every schoolboy who reaches a stage where 
geometry is taught. Huclid was attached to the great Univer- 
sity of Alexandria, founded by the first of the Ptolemy Pharaohs 
who placed him in charge of its mathematical school, which 
remained the most famous in the world till the destruction of 
the city by the Arabs in 641 4.p. Eminent as a mathematician, 
Euclid is even more distinguished as an editor and text-book 


writer. Until lately his Elements were widely in use in 
1 B 


2 CO-ORDINATES CHAP. I 


secondary schools as a first book on geometry, and more 
modern books are merely modifications of his work. 

The Greek era in mathematics ended with the fall of Alex- 
andria. After that time the study of geometry was almost 
neglected, and no advance worthy of mention was made till 
the beginning of the seventeenth century, when Kepler and 
Desargues laid the foundations of modern pure geometry. 
With this aspect of the subject we are not here concerned. 
It differs from analytical geometry, which is to be our study, 
in the mode by which it investigates the properties of space. 
Though less elegant, the methods of analytical geometry are 
far more powerful as a whole, than those of pure geometry, 
where each problem is solved in a special manner. In analyti- 
cal geometry, on the other hand, there is one general plan of 
attack, and it is applicable to many different questions. To 
a Frenchman named Descartes is due the introduction of 
analytical geometry, which has given to mathematicians one of 
their most potent means of investigation. Descartes was the 
first to perceive that a point could be fixed on a plane by the 
help of two axes, and that the laws of algebra could then 
be applied to the solution of geometrical problems. Living 
between 1596 and 1650 he was contemporaneous with many 
famous men, among them Galileo. The system of co-ordinates 
familiar to every one who has drawn graphs is that introduced 
by Descartes. His invention heralds the age of modern 
mathematics, and the co-ordinates which he used are in 
honour of him called “ Cartesian Co-ordinates.” 


Il. The Sense of a Line—In analytical geometry it is 
necessary to distinguish between the line LB and the line BL. 
L B 

The distinction is that between a journey from “ London 
to Bristol” and one from “ Bristol to London,” and is called 
the sense of the line. 


Thus LB denotes not merely the length of the line, but also 
the mode of traversing it. 
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The differentiation is effected by agreeing to mark DB 
with the sign +, and BL with the sign — or vice versa. 
Thus LB= — BL. 


III. Co-ordinates-—Take a piece of squared paper and 
draw on it two perpendicular lines, XX’ and YY’, intersecting 
at O as shown in the diagram following. 


| 
HH 
Ce 


ane 
eu 
‘= Huss; 
Li TT Tas 


DIAGRAM |], 
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O is called the origin, XX’ and YY’ the axes. The axes 
divide the plane of the paper into four regions called the four 
quadrants, which we have numbered L., IL., III., and IV. 

Let the unit of length contain 10 of the small divisions on 
the squared paper. 

Starting from O count 2 units to the right along OX and 
then 3 units upwards. Mark the point arrived at P. 

Next trace 2 units to the left along OX’, and then 1 unit 
downwards, naming the point now reached Rk. It is in the 
third quadrant. 

The axes have thus enabled us to give directions for the 
marking, or as it is called, “plotting,” of two points P and R. 

It is necessary, however, that we should be able to give 
these instructions more expeditiously. The following conven- 
tions are therefore adopted :— 

(i.) Lengths which have the same sense as X’X will be 
marked +, those having the sense of XX’ will be marked —. 

(ii.) Lengths having the same sense as Y’Y will be marked 
+, and these — which have the sense of YY’. 

XX’ is called the axis of x and YY’ the axis of y. The 
w-axis is divided into two similarly graduated “ measuring- 
rods”? OX and OX’. The division numbers on the first will 
have the sign +, as the sense of OX is positive, while the 
numbers on OX’ will have the sign —, since the sense of OX’ 
is negative. For the same reasons the scale numbers on OY 
will be marked plus, and these on OY’ will be marked minus. 

If from the point P in the diagram, we draw PN perpen- 
dicular to XX’, then ON is called the “abscissa”? or 2-co- 
ordinate of P, and NP its “ ordinate” or y-co-ordinate. 

Thus the co-ordinates of a point are its distances from the 
two axes, attention being paid to their signs as we are about 
to describe. 

If we wish to reach the point P on the paper we say “ plot 
the point (2, 3)” meaning, count 2 units along OX, then 3. 
units upwards, and mark the point so obtained. Within 
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the brackets the abscissa is always named first and the ordinate 
second. The point R would therefore be the point (—2, —1), 
since to arrive at it we must count 2 units along the negative 
scale OX’ and then 1 unit downwards, or in the negative 
direction for ordinates. 

The following points are situated one in each quadrant, as 
shown in the diagram. 


P=(2, 3), Q=(-1, 3), R=(-2, -1) and S=(3, -2). 


Diacram 2. 
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In general if ~ be the abscissa of a point and y its ee 
we use the notation P=(z, y). 

Exameuir 1.—Plot the following points AS(1-7,-1-2) B= (3, 0), 
and C=(0, - 1-6). 

A is in the fourth quadrant, B is on the x-axis and C on the y-axis. 
(See Diagram 2.) 

_Exampce 2.—Plot the point P=(1, 2) and find its distance from the 
origin. 

From P draw PN perpendicular to XX’, and join OP. (See 
Diagram 2, page 5.) ; 

Then OP? =ON?+ NP? 

= 2 2? 
=D 
OP =a15: 

The length of OP is very nearly 2-24 units. 

_Exampte 3.—Pind the distance of the point (1:5, —2-1) from the 
origin. 

Make the same vonstruction as before. (See Diagram 2.) 

. OP® =(1:5)?-+( — 21)% 
= 6-66. 


*. OP =2-58 nearly. 


ExameLe 4.—In Hxample 3 what ts the size of XOP ? 


ZX ae NE 
We have tan XOP= ON 


. XOP= 305° 32’. 


IV. Distance of the point P= (a, y) from the origin. 
Draw PN perpendicular to OX. 


Join OP, 
Then OP2=ON2+ NP? 
= 27 + y?, 


ExamPLe.—Find the distance of the point 
(-3, —4) from the origin. 
We have d=2%+y? 
=(-3)-+(-4)8 
= 25. 


+. dy=5. 
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V. Find the length of the line joining the points P= (24, Y1) 
and (= (Xp, Y2). 


Y 
Q (XzY2) 


p (sv 
je 


Plot the points P and Q, and draw PN and QM perpen- 
dicular to XX’. Draw also PL parallel to it. 


Then PY? = PI? + LQ?. 
Now PL=NM=OM -ON =2,-%, 
and 1Q=MQ-ML=MQ-NP=y.- 4 


PQ? = (aq — ©)" + (Yo — Yy)*. 
Let PQ=d 


& d= /(t_— 21)? + (Y2- 4)". 
Exampre 1.-——Pind the length of the line joining the points (1, 1 
and (3, 2). 


(aq — %)?+(Y2- Y,)? 
=(3-1)'+(2-1) 
+1 


. d= J/5=2-24 nearly. 
Examen 2.—Find the distance between the points (2:2, - 1:4) and 
(—3-8, 1-6). 
We have ? = (%_ — 4)?-+(Yo - Yr)” 
=(—3-8 2-2)? (1-6+1-4)2 
=(-6)+(3) 
= 465. 
. d =\/45=6°7 nearly. 
VI. Find the co-ordinates of the mid-point of the line joining 
the points P= (x1, yy) and Q= (Xe, Yo). 


Let R=(z, y) be the mid-point of PQ. 
Draw PN, QM, and RK perpendicular to XX’. 
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Then since R is the mid-point of PQ, therefore K is the 
mid-point of NM. 
We have OK=ON+NK, 
y’ and OK =OM -KM. 
Q But NK=KM 


p7 . 20K =ON +0M, 
ON+OM 
a es 


+ RR gee 
Similarly if perpendiculars be drawn to the y-axis we can 


+ Yo 
show that y= a 


Uy, +2 a 
Hence R= (a, n=( 1 5 ‘2, Y1 : ay 


ExamMeLeE 1.—Find the co-ordinates of the mid-point of the join of 
(1, 3) and (5, 2). 


) 2 3 
{Gitta Se. 
ays 2-5, 


The mid-point is (8, 2-5). 
ExameLte 2.—Find the co-ordinates of the mid-point of the line 
joining the points (—2, 4) and (6, —7). 
Pe ae ~2+6_ 


ii ditiineik ilied 
yo ten oe ST 


The mid point is (2, — 1-5). 

VII. Loci.—If a point is constrained to move according to 
a prescribed law, the path it follows is called its locus. Fix, 
for example, one end of a piece of string by a tack to a flat 
piece of cardboard. To the other end fasten a pencil and 
move the latter so as to keep the string taut. The point of the 
pencil will leave a circular trace, showing the path along which 
it has moved. Again fix the two ends of a piece of string to 
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the cardboard so as to leave the string slack. Now pull it 
tight by a pencil and move-the latter so as always to keep the 
string in this condition. The trace of the pencil-point is 
called an ellipse. It is the locus of a point which moves so 
that the sum of its distances from two fixed points is constant. 
Other examples could be given, but it is not often easy to trace 
a locus by mechanical methods. 

In analytical geometry points are constrained to move so 
that their co-ordinates satisfy some assigned equation, as, for 
example, y=3a—-—1 or 2 —y?=4, 

The loci can be traced by the help of squared paper, and 
their nature ascertained. In any equation no more than two 
unknowns, or variables as they are properly called, must 
appear, namely the co-ordinates xz and y of the moving point. 
Any other letters in the equation must stand for assigned 
numbers. The curve over which the point moves is called 
its locus. It is also called the graph of the equation. 

In analytical geometry we,name a curve by its equation. 
Thus we speak of the straight line 2y=a%+3, or the circle 
a + y*=4 when we mean the graphs of these equations. 


Examexte 1.—A point moves so that its co-ordinates satisfy the 
equation y=x. Find tts locus. 
From the equation we have 
y= —2 when x= -2 
y= —-1 when «= -1 
y= -O when: 2= "0; 
and soon. These results are tabulated in a more compact form, as 
in the following chart: 
w| -2|-1/0|1/2]/3| 
yp -2)-1[O]1[2]3| 
Any value of y is written below the value of x to which it 
corresponds. 
The scheme will be familiar to any one who has drawn graphs. 
_ The points lie on a straight line through the origin as shown in 
Diagram 3. 
We infer that the locus is a straight line passing through O. 
EXAMPLE 2.—A point moves so that its ordinate is always 4 units 
long. Find tts locus. 
Let P=(a, y) be any position of the variable point. Then y=4 
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no matter what the value of « may be. We therefore have the 
following graph chart : 


#43) aoe [oye ona 
gl Ap Aloe a] ope 44 a 


Le 
IVER SEV TCT AZ 
poor SaEN ne 


CoRR eZ 
Chath 


NTI 
FPN Sas 


DracrRam 3. 


These points, as we see from the graph, lie on a straight line 
parallel to the v-axis. This line is the locus of P. (See Dingrar 3.) 
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EXAMPLE 3.—A point moves so that its co-ordinates satisfy the 
equation y= 2 Draw its locus.’ 


From the equation y=-5 when x=1 
y= 0 when x=0, 


and so on. 
ow et a ee Coy oe SA [SELES | 2] 
y| 2| 125] 5] -125| 0 | -125 | -5 | 1-125 | 2 | 


Draqaram 4. 


The locus is the curve shown in the diagram. It is called a 
parabola.” 


VIII. MISCELLANEOUS EXAMPLES 
EXAMPLE 1.—Plot the points A=(2, 4), B=(1, 1) and C=(8, 2). 
Find the area of A ABC. 


In the following diagram A ABC is shown. 
Draw the ordinates AL, BM, and CN. 


Then A ABC=figure ABM NC - trapezium BM NC. 
=trapez. ABML-+trapez. ALNC —trapez. BM NC. 


12 CO-ORDINATES CHAP. I 


Now the area of a trapezium is equal to half the sum of its parallel 
sides multiplied by the distance between them. 
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— 1(1+4)+1(4-+2) - 2(1+2) 
2 


5 


2 
The area of the triangle is 2-5 sq. units. 
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EXxame.e 2.—A point P in the first quadrant is at a distance of 5 
units from the origin. If the angle XOP is 40° find the co-ordinates 


of P. 
Let P=(x, y). Draw the ordinate NP. 
Then ON =OP cos 40° 
and NP=OP sin 40°. 
.. c=5.cos 40° =3-83 (nearly) 
and y =5 sin 40° = 3-21 (nearly). 


ExameLe 3.—From a variable point P 
perpendiculars PN and PM are drawn to the 
axes. If the perimeter of the rectangle ONPM 
is always 6 units, find the locus of P. 
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DIAGRAM 6 


Let P=(a, y) be any position of the variable point. 
Then since NP+MP=3 
a» tfy=s. 
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We have to draw the graph of this equation. 


o{ = Si [0] ts ora a ieee | 
y| 5! 4/8]2]1]0| -1{ -2| 


It is a straight line, and is the locus of P. (Diagram 6.) 


DIAGRAM 17, 
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Examp.e 4.—From a variable point P perpendiculars PN and 
PM are drawn to the axes. If the area of the rectangle ONPM is 
always 4 sq. units, find the locus of P. 

Let P=(z, y) be any position of the variable point. (Diagram 7.) 

Then since NP->-MP=4, 


, vy=4. 
The locus of P is the graph of this equation. 
x|-6 |- 5|-4|-3 |-2|-1|--8]/--6 [0 [6 |-8)1|2/3 |4) 5/6 | 
y| —:67| — -8| — 1| — 1-33] —2| — 4! = 5] — 6-67|00 [6-67] 5| 4|[2)1-33/1/-8|-67 
- The curve is called a “rectangular hyperbola” and consists of 
two branches. 


RESUME 


_ 1. The z-co-ordinate of a point is called its “ abscissa,”’ the 

y-co-ordinate is called the “ ordinate.” 

We write P=(z, y). 

2. The distance of the point (x, y) from the origin is given 
by the formula 

df= 2? + y". 

3. The distance between the points (a, y,) and (22, Y2) is 

given by the formula 
dP? = (Tq —- 24)? + (Yo— Y3)?. 

4, The mid-point of the line joining (a, y,) and (a9, ya) 18 1 

(A ad a i). 
2 2 


5. The graph of an equation is the locus of a point which 
moves so that its co-ordinates satisfy the equation. 


EXAMPLES 


1. Plot the following pnt (2, 3), o 4,1), (-3, -2), (5, - 1:8), 
(0, — 2:4), (3-2, 0), and (-2:-9, 0). : 

2. Mark the point (3, 4) end find its distance from the origin. 

3. Mark the point (-1, 3-3) and calculate its distance from the 
origin. 

4, From the point P=(2,-4-8) perpendiculars PN and PM are 
drawn to the axes. Calculate the lengths of the diagonals of 
ONPM. 

5. A straight line cuts the axes at the points A=(4, 0) and 
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B=(0, 1). Find the length of AB. Find also the area of AOAB, 
and so find the length of the altitude from O correct to two decimal 
places. 

6. Calculate the distances between the following pairs of points 
(2, 4) and (5, 6), (—1, 3) and (2,-1), (-3-6, 4) and (—5-2, — 2-5), 
(4:5, 0) and (1-6, —3-8) (to the second place of decimals where 
necessary). 

7. Mark the points P=(1, 2) and Q=(3, 5). 

Find the length of PQ. 

Perpendiculars PN and QM are drawn to XX’. 

Find the area of the trapezium PNMQ. 

8. Draw the triangle whose vertices are (1, 2), (2, 5) and (4, 3). 

Obtain its area by the method of Example 1, Article VIII. 

Use the same method to find the areas of the triangles whose 
vertices are— 

(i.) (0, 1-6), (2°4, 1-8) and (3-2, 5). 
(ii.) (2:2, 1-4), (5:4, 4:6) and (3, —2). 

9. Obtain the area of the first triangle of last example by applica- 
tion of the formula ,/s(s— a) (s—6) (s—c). 

10. Find the co-ordinates of the mid-points of the lines joining 

the following pairs of points, drawing the figures on squared paper in 
every case. 
(1) (1, 2) and (3, 4). (5 
(2) (2:2, 3-4) and (5, 4). (6 
(3 (7 
( ( 


) (-8, 2) and (-1, 4). 

) (-2, -3-8) and (-4:6, -8). 
) (0, 0) and (-2, 3). ) (0, —2-7) and (1-7, 4:9). 
4) (2:6, 0) and (1, 3-8). 8). (-3-6, —2-4) and (3-6, 2-4). 


11. Mark the point P=(4, 2). Draw PM and PN perpendicular 
to the axes. What is the mid-point of WN ? Calculate its distance 
from the origin. 


12. In the equation 2%+5y=10, what is the value of « when 
y=0, and the value of y when x=0? 

At what points P and Q does the graph of the equation therefore 
cross the axes ? : 

What are the co-ordinates of the mid-point of PQ ? 


13. In the equation a?-+-y?=4, what are the values of z when y=0, 
and the values of y when «=0? 

Hence name the points P @ & and S where the graph crosses the 
axes. 

Draw the square PQRS and find the area of the square obtained 
by joining its mid-points. 

2 2 

14. At what points does the graph of ott =1 cross the axes ? 

If PQ & and 8 are the points, find L and M, the mid-points of PS 
and RQ, and show that the origin is the mid-point of LM. Find 
also the area of the rhombus PQRS. 
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15. The graph of y=a?-42x-+3 crosses the x-axis at two points 
- ea i. and the y-axis at a point C. Find these points and the area 
of A C. } ; 


16. Find the area and the perimeter of the triangle whose vertices 
are the three points at which the graph of y=a?-—a-—6 crosses the 
axes. 


17. Find the points A and B at which the graph of 714 _1 crosses 
the axes. ab 


Find the distance of C, the mid-point of AB from O. 

Show that AB=200. 

18. A point P=(h, k) is taken. 

It is joined to a point Q on XX’ which is such that PQ is bisected 
by the y-axis. 

Find the co-ordinates of Q. 

19. P and Q are the points where the graph of y=2?14x-5 
crosses the a-axis, and #& is the point where it crosses the y-axis. 
Calculate the distance between & and the mid-point of PQ. 

20. Draw the quadrilateral whose vertices are (0, 0), (5, 0), (2, 4), 
and (0, 6). Calculate its area. 

(Hint : Divide the quadrilateral into two triangles by the diagonal 
through 0.) 

21.-A and B are the points where the graph of 2a+y-4=0 
crosses the axes. C’ is the point (6, 9). Obtain the area of the 
quadrilateral OACB. 

22. Tf Cis the circumference of a circle, A its area, and r its radius, 


then we know that 
C=2rr 
and 4A =r, 


Draw the graphs of these equations on the same sheet of squared 
paper, plotting values of r along the horizontal axis. 

What is the radius of the circle whose area is numerically equal 
to its circumference ? 

23. A point lies in the third quadrant at a distance of 2 units 
from the origin. If the length of its ordinate is 1-6 units, what is the 
length of its abscissa ? ; 

24. Plot a point P in the first quadrant at a distance of 3-4 units 

x 
from the origin and such that XOP=35°. Calculate the lengths 
of the co-ordinates correct to the second place of decimals. 

25. A man walks from a place in a direction 28° N. of E. at the 
rate of 34m. p.h. After 2 hr. 20 min. tell (i.) how far north and (ii.) 
how far east he is of the place from which he started. 

26. The point (-1, 4) is the mid-point of a line, one of whose 
extremities is at the point (-5, 6). Where is the other extremity ? 

C 
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27. The support of a see-saw has a height of 3 ft. Show that if 
one end of the swing-plank is 1 ft. above the ground, the height of the 
other end in no way depends on the length of the plank. 

28. A point moves so that its co-ordinates satisfy the equation 
z=y. Draw its locus. : 

29. Draw the locus of a point which moves so that its co-ordinates 
satisfy the equation y=2-3. 

30. Draw the loci of the points which move so that their 
co-ordinates satisfy the following equations :— 


(1) 2¢+3y=6 (3) a Pa 
aay ae, Con ae 
Q). yom geben 


31. From a variable point P perpendiculars PM and PN are 
drawn to the axes. If P=(a, y), and if the area of the rectangle 
ON PWM is always 5 square units, express the equation connecting the 
co-ordinates. Use it to draw the locus of P. 


32. From a variable point P perpendiculars PM and PN are 
drawn to the axes. If the diagonal of the rectangle ONPM is 
always 3 units long, express this in an equation and use it to draw 
the locus of P. 


33. B is a fixed point on the y-axis such that OB is 10 units long. 
P is a variable point, the square on whose distance from XX’ is equal 
in area to the triangle OPB. Draw the graph of the equation which 
gives the locus of P. 


34. A circle is described with centre O and radius 2 units. P is 
a variable point and PN is perpendicular to XX’. If the tangent 
from N to the circle is always equal to NP, obtain the equation giving 
the locus of P, and draw its graph. 

35. A square ABCD is described on the line joining the points 
A=(6, 0) and B=(0, 4) so as to be turned away from O. Find the 
co-ordinates of C and D and of the centre of the square. 

Deduce from the results that the centre of the square lies on the 


bisector of XOY. 


CHAPTER II 


THE GENERAL EQUATION OF THE FIRST DEGREE IN 2 AND y: 
“c ie 


EQUATION TO A STRAIGHT LINE IN " INTERCEPT FORM 
THE INTERSECTION OF TWO STRAIGHT LINES 


I. The equation to a locus. 

We shall indicate very particularly the procedure followed 
in analytical geometry in dealing with a locus problem. 

(i.) The law of constraint under which the variable point 
moves is carefully stated. 

(ii.) Suitable axes are chosen and the equation connecting 
the co-ordinates is worked out. 

(iii.) The graph of the equation is drawn. 

This graph is the required locus, for the co-ordinates of every 
point on it satisfy the equation which algebraically expresses 
the law of constraint under which the variable point moves. 
The equation itself must contain no variables other than the 
co-ordinates. The rest of it consists of constants or numbers 
which when assigned or determined are fixed once and for all, 
otherwise a graph could not be drawn. Take, for example, the 
equation 2%?—5xzy+3=0. The constants appearing in it are 
2,5, and 3, and these cannot be changed, for if we did so 
we would proceed to draw a portion of another graph. It is 
only the values of w and y which vary, and of those only one 
at a time is at the disposal of the worker, for when a value is 
assigned to x say, then the value of y is given by the equation. 
The variable or co-ordinate to which we are assigning values 
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is called the independent variable, and the other is called the 
dependent variable. In our equations we shall often meet 
other letters, however, besides # and y, but these letters 
stand for given numbers, and, as we have said, are called 
constants. For example, the equation we have just been 
using might be looked on as a particular member of a general 
type la?+ may +n=0, the various members being obtained by 
stating values for J, m, and n, as 2, —5, and 3 in the example 
chosen, and we must know them before we start to draw the 
graph. 

Certain graphs are so important that we learn to recognise 
them from their mere equations. One of these is the straight 
line. It will form the subject of discussion in the present 
chapter. 

Such an equation as 3% —5y+2=0 is called an equation of 
the first degree in x and y. No term contains z or y to a higher 
power than the first, nor any product of these variables. For 
example, the equations 3a7-5a+4=0 and 6zy + 3a —- 5y=0 are 
not of the first degree in x and y, as the former contains a 
term in «? and the latter one in wy. The equation 3x-2=0 
may, however, be regarded as an equation of the first degree 
in x and y, where the term in y is absent owing to its coefficient 
being zero, In full the equation would be 3a+0y-—2=0. We 
shall prove that all equations of the first degree in x and y 
have straight lines for their graphs. Hence they are sometimes 
called linear equations. Their general type is lv+my+n=0. 
The term n is called the absolute term. 


II. Introductory example: Points M and L are taken on the 
vand y axes respectively, so that OM=4 and OL=3 units. P 
is a variable point, such that the quadrilateral OMPL is always 
9 sq. units. Find the locus of P. 


Since OM =4 and OL=3, 


“. LM=5 units, 
and AOML=6 sq. units. 
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Subtracting its area from that of the whole quadrilateral 
OMPL, we have 
A PML=3 sq. units. 

Now this triangle stands on a fixed base LM of length 5 
units. Hence P moves along a line 
parallel to 2M and at a oleae Oe aia 
units from it. 

Without reflection we are apt to say ies 
that the locus of P is two lines parallel pr->S 
to LM lying on either side of it and at a Of SER pes 
distance of 1-2 units from it. But in this 
example P cannot lie on the origin side of LM as at P’, for in that 
case the quadrilateral OMP’L=AOML-AP'ML=6-3=3, 
whereas its area was given to be 9 sq. units. The quadri- 
lateral therefore prevents the locus from being an ambiguous one. 


Ill. The graph of any equation le+my+n=0, of the first 
degree in « and y 1s a strarght 
line. 

Let P=(xz,y) be any 
point in the plane of the 
axes. 

x Take M on OX and L on 
OY so that OM=m and 
OL=l. 

Then la=OL xaz=2A OPL, 
and my=OM x y=24 OPM. 
*.let+my=2 quad. OMPL, 

a geometrical interpretation of la+my which should be noted 

as it will be used hereafter. 

It therefore follows that if P is on the graph of 


omg la+my+n=0, 
then 2 quad. OMLP +n=0, 
*, quad. OMLP = -5 


= constant. 
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Now part of this quadrilateral, namely AOMZ, is fixed. 

Hence the remainder A PLM is of constant area. 

Its base LM is fixed, so that the locus of its vertex P is a 
straight line parallel to LM. But the locus of P is the graph 
of the equation lc+my+n=0. The latter is therefore a 
straight line. 

In passing we shall point out an immediate corollary which, 
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DraGram 1. 


however, will be fully dealt with in a subsequent chapter. 
Suppose that / and m retain the same values throughout, 
but let m range through a series of values, as for example 
la+my -—1=0, la+my -—3=0, la +my+9=0, andsoon. Then 
we shall evidently obtain as the graphs of these equations a 
series of straight lines parallel to LM. Hence the graphs 
of linear equations which differ only in the absolute term, are 
parallel straight lines. 
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Exameie 1.—Draw the graph of the equation 2x —- 3y+6=0. 

We know that the graph is a straight line since the equation is of 
the first degree in x and y. We need therefore plot only two points 
on it. 

Now y=4 when x=3, 

and y=2 when x=0. 

The line is that joining the points (3, 4) and (0, 2). (Diagram 1.) 

ExamepLe 2.—From a variable point P, perpendiculars PN and 
PM are drawn to the axes. If the length of the rectangle ONPM always 
exceeds the breadth by 2 units, find the locus of P. 


Let P=(q, y). 

Then since ON - NP=2, —y=2. 

The locus of P is the peta of this equation, and is a straight line. 
By plotting the points (3, 1) and (1, - 1) which lie on the graph, we 
obtain the straight line. (Diagram 2.) 


IV. Particular cases of the equation la+my+n=0. 

(i.) First let us suppose that n=O but that J and m are not 
zero. 

The equation then reduces to lx + my =0. 

It is evidently satisfied by the values z=0 and y=0. 

Hence the graph is a straight line passing through the 
origin. 

ExampLy.—Draw the graph of y=}x. (See Diagram 3.) 

The graph is a straight line, so we shall find two points on it. 

Now y=0 when x=0, 

and y=1 when z=2. 

The line therefore passes through the origin and the point (2, 1). 

(ii.) Let 1=0, but let m and n not be zero. 

The equation then becomes 


my+n=0, 
n 
|g lao 


The ordinates of all points on this graph are therefore equal 
no matter what values the abscissae may have. 
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The graph is a straight line parallel to the x-axis, and at a 
distance of = units from it.’ 
The side of XX’ on which the line lies will depend on the 


: n 
sign of tee 


It is a straight line parallel to XX’ and at a distance of 3 units 
from it. The line y= -—3 would lie on the under side of XX’, and 
at the same distance from it as y=3. (Diagram 4.) 


(iii.) In a similar manner it can be shown that lc+n=0 
is the equation to a straight line parallel to the y-axis. 

The equations y=0 and w=0 are evidently those of the 
x and y axes respectively. 
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Examp.Le.—aA length OB of 5 units is taken on the y-axis. A 
variable point P moves so that the area of AOPB is always 10 sq. 
units. Find the locus of P. « 


Since the base of the triangle OPB is 5 units and the area 10 
sq. units, the height, is therefore 4 units. Hence P moves at a 
distance of 4 units from the y-axis. It can lie on either side of that 
line. Its locus is one or other of the straight lines parallel to YY’ 
whose equations are 

x=4 and «=-4. (Diagram 5.) 


V. Equation to a straight line in “ Intercept Form.” 

We are going to establish the equation to a straight line in 
a form which will show us imme- 
diately where the line crosses the 
axes. In this shape it is often 
of great convenience. 

Let the straight line cut XX’ 
at A and YY’ at B, and let 
OA =a and OB=b. 

OA and OB are called the in- 
tercepts of the line on the axes. 

The line crosses the axes at the points (a, 0) and (0, 6). 

Take P=(z, y) any point on the line, and draw PN 
perpendicular to XX’. 

Then by similar triangles OAB and NAP we have 


5 Mgt ot pe 
area i 


Note that the right-hand member of this equation is +1, 
and that the reciprocals of the coefficients of x and y are the 
intercepts made on the respective axes. 
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Exampuer 1.—What are the intercepts made on the axes by the graph 
of i+e= ey 


Dracram 6. 


On comparing this equation with the standard one we see that 
a=4 and b=5. 

The line makes positive intercepts of 4 units on the x-axis and 
5 units on the y-axis. 
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ExameLe 2.—What intercepts does the graph of 5 ~%=1 make on 
the axes ? 5 

In this case a=2 and 6= ~—5. 

Hence the line makes a positive intercept of 2 units on the z-axis, 
and a negative one of 5 units on the y-axis. In other words it crosses 
the axes at the points (2, 0) and (0, —5). (See Diagram 6.) 

This can easily be verified from first principles. For at the 
point where the graph crosses XX’ we have y=0. The equation 
gives the corresponding value of as 2. Again at the point of inter- 
section with the y-axis we have x=0. The value of y corresponding 
is — 5, 


ExamMpLe 3.—Throw the equation 2«-—4y=3 into intercept form 
and so find where its graph crosses the axes. 
Divide by 3 in order that the right-hand member of the equation 
may be +1, 
.. $0 — 4y=1, 


PE oe 
OF 3/2 3/4 
Thus we see that a= % and b= — 3. 


The graph crosses the axes at the points (3, 0) and (0, - 4). 

As before we could obtain these results from first principles, since 
the original equation shows us that y=0 when «=3 and x=0 when 
ee ; 

x | 1-5 | 0 | 
yl OF 7b) 


Exameie 4.—Lengths OA and OB are marked off along OX and 
OY such that OA=OB=1. The square 
OACB is completed. Through C any YQ 
line is drawn cutting Oe tg P and 


Y’Y at Q. Prove that optoo= il B Cc 


Let the straight line PQ make inter- 
cepts of p and g units on the w and y 
axes respectively. Then its equation 


will be 
“sy 
a | 
pq 
But C=(1, 1) is a point on the line 
scl 
‘pg ? 
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VI. Determination of equations to straight lines from given 
data. 

In Article II. of this chapter we stated that the general 
equation of the first degree in « and y was 

* lo+my+n=0, 

where J, m, and ” were assigned numbers such as 3, — 2, —5. 

At first sight it would seem that there were three con- 
stants, J, m, and n, to be determined before we could have the 
equation to a particular line. This is not so, however, as we 
can divide both sides by any one of them, say n, obtaining 
the form 


Te Meo 
n n 


We now see that there are only two constants to be deter- 


ated! 
mined, namely, the ratios z and ” 
l 
Let ~=a and ~=f. 
n n 
The equation then is 
ax+ By+1=0, 
which clearly shows only two constants. 
Compare this with the number of constants in the intercept 
form ~+2=1. 
a b 
Corollary.— A straight line can be made to satisfy two 
independent conditions, since its equation contains two 
independent constants. 
The following examples illustrate this. 
ExameuE 1.—Find the equation to the straight line which passes 
through the points (1, 2) and (3, — 2). 
Suppose its equation is 
ax+py+1=0. 
Since (1, 2) is a point on the line 
.a+268+1=0. 
Since (3, — 2) is a point on the line 
.. 8a —- 28-+1=0. 
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On solving these equations we have a= -4 and B= -}. 

The required equation is 
Ee By Oy, oat we eo (D), 
or 2a+y-4=0. : : = (2): 


In number (1) of these two forms we see the equation appearing 
with fractional es as in 


s x ope 5 ytl= 0, 
while number (2) shows us the equation cleared of fractions, as in 
le+my+n=0. 


ExampLe 2.—Find the equation to a straight line which makes a 
negative intercept of 4 units on the x-axis and passes through the 
point (2, 4:5). 

Let the required equation be 


care pa 
ate h 
Then a= - 4, making the equation 
Lee ie 
But the point (2, 4-5) lies on the line, 
2 45 
Mas =1, 


whence 6b =3. 
The equation is therefore 


Sade eb 
pa 
or 3a -4y+12=0. 


Examepte 3.—VFind the equation of the straight line joing the 
origin to the point (x, Y). 
Let the required equation be 


le+my+n=0. 
Since the line passes through the origin, 
ee daO, 
amy —Oorla=—my + (1). 


But (a, y;) is a point on this line, 
st =— my, . 5 (C45 
Hence by (1) and (2) 


le  —my 
It, — My 
cy 
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This is the required equation and it should be noted carefully 
and remembered. i 
By putting =z, and y=y, it is easy to verify mentally that it 
is correct. 
VII. The point of intersection of two straight lines. 
Let the equations to the straight lines be 
e—2y=-1, 
and 7-3y= —3. 


DraGRam 7. 


Draw their graphs. We find that they cross at the point 
(2, 3). 

We see at once that the values x=2 and y=3 must appear 
in the graph chart belonging to each equation. In other 
words, the values <=2 and y=3 must satisfy both equations, 
They are the solutions of the two equations. 

The algebraic process of solving these two simple simul- 
taneous equations in # and y is assumed to be familiar to every 
reader. 

Generalising, we state that the co-ordinates of the point of 
intersection of two straight lines are the values of x and y which 
satisfy both their equations. 
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Exameie.—Where do the straight lines whose equations are 
13a-+15y=26 and 13x+25y=52 intersect ? 

Solution of their equations shows that the straight lines intersect 
at the point (—1, 2-6). 

This result is verified graphically in Diagram 8, where the graphs 
are shown. 


FH 


;. Diagram 8. 
VIII. MISCELLANEOUS EXAMPLES 


ExamexLe 1.—Find jrom first principles where the straight line 
la+my+n=0 crosses the axes and verify the results by throwing the 
equation into intercept form. 

(i.) Where the graph crosses X’X we have y=0. 

The value of x corresponding is obtained from the equation. 


.. ~t+n=0, 
2= Et 
oe oad BB 

The graph crosses the x-axis at the point ( oo 0). 


Similarly it crosses Y’Y at a point where «=0. 
Then from the equation we have 


my +n=0, 


ies He 
ye A. 
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n 
The point of intersection with the y-axis is therefore (0, = o) 


(ii.) To obtain these results by throwing the equation into 
intercept’ form we first write the equation thus— 


lxa+-my= — Nn. 


We next divide both sides by — 7 so that the right-hand member 
may be +1. 


Thus we see that the intercepts on the x and y axes are respect- 


ively -; and — -, or, in other words, that the straight line crosses 
the axes at the points ( = P 0) and (0, - =) as found by method (i.). 


Exameie 2.—T'wo lines XX’ and YY’ are at right angles to one 
another. A point P moves so that its distance from the former is three 
times tts distance from the latter. Find its 
locus. : 

Take XX’ as axis of x and Y Y’ as axis 
of . ; 

Let P=(a,y) be any position of the 
variable point. 

Draw PN perpendicular to XX’ and 
PM Come: 

By hypothesis NP =3MP, 


1 Yaom 


} The locus of P is the graph of this 
equation, and is therefore a straight line passing through O. 


EXxamp_eE 3.—A variable straight line 
cuts the axes at P and Q so that OP+-O0Q 
ts constant. Find the locus of its mid- 
point. 

Let k=(x, y) be the mid-point of aay 
line PQ of the system. 

Then «=}0P, and y=40Q, 


.. OP = 2x and OQ =2y. 
But OP +0@=c (a constant), 
*. 2e-+2y=c, 


The locus of .R is therefore the straight li ich i 
of this equation. puget ne wits the eee 
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ExameLe 4.—A straight line cuts the axes at A and B so that 
OA=2 units and OB=5 units, If P is any point on AB find the 
locus of Q the mid-point of OP. 

Let P= (%, ¥1), and Q= (2%, Y2). 

Then since Q is the mid-point of OP, 


t= 20 ony, = 25. 
By Article V. the equation to AB is 


ae ee 
+5 If; 


Since P=(a,, y,) is a point on the line, 


5ec PRE eet 


Hence the locus of Q=(x2, y) is the 
graph of the equation 


5a-+-2y =5. 


It is a straight line cutting the axes at the points (1, 0) and (0, 3). 
Tts intercepts are half those of AB. 


EXAMPLE 5.—OACB is a.rectangle. If EH is the mid-point of BC 
find the equation to AE, taking OA and OB as axes of x and y respect- 
wely. Thence find where AE crosses the y-amis. 

Let OA =a and OB=6b. 


Then C= (a, b), so that H= (e b). 


If A# cuts OY at Q, then the equation 
to AF is 


“Yy 
~4+%=1, 
x at q 
where ¢=OQ. 
But #= e b) is a point on the line, 
a b 
oa 
acy bay 
q 
q=2b, 


a result, of course, easily obtained by ordinary geometry. 
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Hence the equation to AZ is 


The line crosses the y-axis at the point (0, 26). 


Exameie 6.—In last example find where OC and AE intersect. 
Since C=(a, b) the equation to OC is 


- =4 (Art. VL Ex. 3). 


b 
We have now to solve the equations 
ae 
st ar = 5 : ‘ os a(R 
Cay ; 
and i b . . . . (2). 


Hence from (2) Y=>a ’ 
Thus AH cuts OC at a point of trisection. 


Exampie 7.—A straight line is drawn through the point (5, 2) and 
cuts the axes at Pand Q. If R is the remaining vertex of the rectangle 
of which OP and OQ are sides, find the equation to its locus. 

Let R=(2’,.y’). 
Then OP=2' and OQ=y/. 
The equation to PQ is therefore 


«we Ya 
gyre 


Now (5, 2) is a point on this line, 
5.2 
- x Ty = 1, 
°. 2’ + 5y’ =a'y’, 

The locus of R=(z’, y’) is the graph of 
the equation wy =2a-+5y. 

The graph of the equation can be drawn by plotting a number 
of points as in the following diagram. 
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Notice that the curve draws nearer and nearer to the"lines y=2 
and x=5, though it never actually reaches them. 


D1aGRam 9. 


The graph table shows how rapid is the increase of x as y 
approaches 2, and of y as x approaches 5. 


a|— 45|~ 20|~11-87|-7-5| ~7| -6|-5|-4|~3)-2-1/0] 1] 2 | 3/4 | 45) 48) 46) 
y| 1-8} 1-6{ 1-4 | 1-2{1-17|1-09] 1 | 89) -75] -57| -83|0] — -5| - 1-33] — 3] — 8] - 18] — 48/— 98] 


\ 
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ExampieE 8.—A length AB of 4 units is taken on OX, and a length 
CD of 2 units on OY. A variable point P moves so that the sum of 
triangles PAB and PCD is constant. 


Y Find the locus of P. 
Proxy) Let P= @G Y)- 
Then 2APCD=CD<xz=22, and 
P 2APAB= AB xy=4y. 
C Now APCD+APAB=c (a con- 
stant), 
o) A A X 1. 2a-+4y =2(APCD+ APAD) 


The locus of P is the straight 
line which is the graph of this 
equation. 


Examp.Le 9.—OAB is a triangle 
such that A=(4, 0) and B=(0, 2). 
Prove that its medians are concurrent. 

Let P be the mid-point of OA, Q 
the mid-point of A&, and & the 
mid-point of OB. 

Then P= (2, 0), Q=(2, 1), and R=(0, 1). 


Equation to PB is styl : : 5 ooh): 
Equation to AR is it+4=2 : (2). 
Equation to OQ is 

* = 4 (aoe Are. VIL x8) ee 


Sea 
Tf equations (1) and (2) be solved it will be found that BP meets 
AR at the point (4, 2). 
By equation (3) this point lies on OQ if == a which is true, 
Hence the three lines all pass through 
the point (4, 2). 


HxameLe 10.—A man is passing down 
a straight street at night. Show that the end 
of his shadow as cast by a lamp follows a 
path parallel to the street. ‘ 

Take the line of the street through OQ, 
the foot of the lamp-post OL, as axis of y, 
and the cross line through the same spot as 
axis of a Let MP represent the man at 
some moment. Then Q will be the end 
of his shadow. Let KG be his path. 
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Let OL=b, PM =a, and Q=(a, y). 
Draw QN perpendicular to OX. 
Then by similar triangles we have 


OL -0Q ON 
PM PQ KN 
ey ba 
a «x-OK 
.. ba —b- OK =aa, 
ick b-OK 
which gives a haa 
= constant. 


Now the graph of this equation is a straight line parallel to OY 
~ (Art. V. Cor. 2). It is the locus of Q. 

The end of the shadow therefore follows a path parallel to the 
street. 


RESUME 


1. The graph of the equation lx+my+n=0 is a straight 
line Seite to LM, where L=(o, l) and M=(m, 0). 
. The graph of the eq hataon la+my=O0 is a straight line 
passing through O. 
3. The graphs of the equations lxc+n=0 and my+n=0 
are straight lines parallel to YY’ and XX’ respectively. 
4. The equation to a straight line in intercept form is 
© ay 
oe pe iL. | 
| 5. To find where two straight lines intersect, solve their 
equations. 


EXAMPLES 


1. Draw the graph of the equation 2x - 5y=4. 


2. In the equation 37+4y=12 find the value of « when y=0 
and the value of y when x=0. 

What points therefore lie on the graph ? 

Hence draw the line. 

3. Write down the equations of the lines which cross the axes at 
the following points : 

(5, 0) and (0,°3); (-4, 0) and (0, 2); (-6, 0) and (0, -9); 
(w,, 0) and (0, — y;). 
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4. By finding where they cross the axes draw the straight lines 
which are the graphs of the following equations : 


Yo a ONE Sig She ae, 57a 
atgals ~grgels (-g7g=l 5-5) 


If the points of ‘intersection with the axes are A, B, A’, and B’, 
what is the area of the rhombus ABA’B’ ? 


5. Throw the following equations into intercept form: 
4u+2y=9; 5¢—6y+3=0; 2e=3y+5; y=2r-4. 
6. Find A and B, the points where the straight line 12¢-+5y=60 
crosses the axes. 
What is the length of AB ? 
What is the area of AOAB? 
Deduce the distance of O from AB correct to two decimal places. 


7. Make the construction of Article IIT. for the equation 
2x-+ by = 16. 

What is the area of the quadrilateral OMPL ? 

What is the area of AOML ? 

Deduce the height of A PML correct to the first place of decimals, 


8. Make the construction of Art. IIT. for the equation 37-+4y=20. 

Find the height of A PML and so draw the graph of the equation. 

By finding from its equation two points on the graph, show that 
you have drawn the true straight line. 


9. In the case of the equation 3¢+-4y=4 show that the area of 
triangle OMLZ is greater than that of the quadrilateral OMPL. 
Draw the graph in this case and compare it with that of the previous 
example. 

10. How must OM be drawn for the equation 2a - 3y= 


11. Find in the ordinary way the points A and B where the 
straight line 4a - 5y-+32=0 crosses the axes. 
Plot them and also the points M and LZ obtained as in Article III. 


Prove that OA =0% thereby demonstrating that the lines 
AB and LM ave parallel. 


12. A straight line cuts the axes at A and B. 

Take any point P=(a, y) lying on it. 

If A=(a, 0) and B=(o, b), use the fact that 
AOPB+A4OPA=A OAB 


to obtain the equation to AB in the form < +o i 
a 
13. A point moves so that its distance from the z-axis is one-third 


of its distance from the y-axis. 
Hind and draw its locus. ‘ 


14, A variable point moves so that the sum of its distances from 
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two fixed straight lines at right angles to one another is always 
5 units. Find its locus, 


15. Perpendiculars PN and PM are drawn from a variable point 
P to the axes. If the length of the rectangle ONPM exceeds the 
breadth by 2 units, find and draw the locus of P. 


16. The perimeter of a rectangle is 18 units. If two of its ad- 
jacent sides are fixed in position find the locus of the vertex opposite 
their intersection and draw it. 


17. The straight line 27+5y=10 cuts the axes at A and B. 
Find the co-ordinates of C the mid-point of AB. Find also the 
length of OC and its equation. 


18. A straight line cuts the axes at A and B so that OA=a and 
OB=b. Find the co-ordinates of C the mid-point of AB. Find 
also the equation and length of OC. 


19. From a variable point P perpendiculars PN and PM are 
drawn to XX’ and Y Y’ respectively, so that the area of the rectangle 
ON PWM is always 20 sq. units. If P=(x,, y,) write down 

(i.) the co-ordinates of J, 
(ii.) the co-ordinates of MV, 
(iii.) the co-ordinates of Q the mid-point of MN. 

Find the equation to the locus of Q and draw its graph. 

20. Find the equation to the lines joining the points (3, 1) ‘and 
(8, 4) ; (— 2, 3) and (4, — 5) ; (0, 6) and ( - 3, — 2) ; (0, 0) and ( - 3, 2-5). 

21. Perpendiculars PN and PM are drawn from the point (6, 4) 
to XX’ and YY’ respectively. N is joined to L the mid-point of 
PM. Find the equation to NL. Find also where NL cuts OY. 

22. Lengths OA and OB are taken on the axes of x and y respect- 
ively. The rectangle OACB is completed. If OA=a and OB=6, 
find the equation to the line joining B to D the mid-point of AC. 
Find also where this line crosses OX. 

(Use intercept form.) 

23. In last example if BD cuts OX at H, find the equation to HU. 


24, Find the intersection of the lines 
(i.) 3a -5y+1=0 and 42 - 3y=6, 
(ii.) 3a —-4y=22 and a — 2y+6=0, 
(iii.) 5a-+4y+385 =0 and 7x - 6y-+20=0. 
Verify the first result graphically. , 
25. Find the equation to the line joining the origin to the point 
of intersection of the lines 2a -3y=13 and 4a+9y= 11. 
26. A buttress reaches a height of 25 ft. on a vertical wall, and 
has a ground length of 10 ft. How far from the wall will a man 
6 ft. high just emerge from behind the buttress ? 


27. A straight line is drawn parallel to the x-axis at a distance of 
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5 units above it. If P is any point on this line, find the locus of the 
mid-point of OP and draw it. 


28, A straight line is drawn cutting the axes at N and M. If 


ON =constant, find the locus of the mid-point of MN. 


29. A and B are two fixed points 4 units apart. P is a variable 
point such that PA®- PB?=16. Find and draw the locus of P. 


30. A=(a, 0) and B=(o, b). A variable point P moves so that 
PA=PB. Prove that the locus of P is a straight line. 


31. The diagonal of a rectangle, two of whose sides are along 
OX and OY, cuts the axes at P and Q, and always passes through 
the fixed point (5, 3). ] 

Prove that 50Q+30P =OP- 0Q, 

(i.) by taking the equation to PQ in intercept form, 
(ii.) geometrically, by the help of areas. 


32. Two boys are playing on two adjacent walks round a rect- 
angular garden lawn, in such a way that they always keep between 
them an upright pole stuck in the ground. IH the pole is c feet 
distant from each walk, find the relation which connects the distances 
of the boys from the corner of the lawn. 


33. On a given straight line any point P is taken. A per- 
pendicular PN is drawn to XX’. Prove that the locus of its mid- 
point is a straight line. 

34, Points A and B are taken on the axes so that. A=(a, 0) and 

B=(o, b). The rectangle OACB is 


B S C completed. <A point Q is taken on 
the diagonal OC. (See figure.) 
(i.) Write down the equation to 
Pp Q R OC. 


(ii.) If Q=(x’, y’) express QR and 
QS in terms of the co-ordin- 
ates of A, B, and Q. 
(ili.) Hence prove BPQS =TARQ. 
35. The point P=(h, k) is joined 
0 T A to the origin and to A=(a, 0). 
Find the co-ordinates of Q and R 
the mid-points of OP and AP respectively. Use the results to prove 


QR parallel to XX’ and equal to 5" 


36. Two poles of height 4 ft. and 20 ft. respectively are set in the 
ground. Their ends are joined crosswise by strings. If one of the 
poles be moved about, prove that the intersection of the strings 
lies on a horizontal plane. 

37. A man is walking along a straight road on a sunny da 
Prove that the end of his shadow pursues a path parallel to the road. 
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38. A man is passing down a straight street by night. Prove 
that the end of his shadow, as cast by a certain lamp, describes a 
straight line parallel to his path. 


39. A and B are two fixed points on XX’, C and D two fixed 
points on YY’. P moves so that APCD+A PAB is constant. 
Prove that the locus of P is a straight line. 


40. In last example find the locus of P if 5 PAE is constant. 

41. The base AB of a triangle PAB is fixed, and its area is constant. 
Show that the locus of its median centre is a straight line. 

42. OACB is a square. A point P is taken on AB. Prove 
analytically that PM-+PN is constant where PM is perpendicular 
to OB and PN to OA. 

43. A straight line cuts the axes at A and B. Any point P is 
taken on it. Show that the locus of Q, the mid-point of OP, is a 
straight line parallel to AB. 

44. Prove analytically that the diagonals of a rectangle bisect 
each other, taking two adjacent sides as axes. 

45. Points A=(1, 0), B=(0, 4), and H=(2, 3) are taken. 

(i.) Find where AH and BH cut the axes again at P and Q. 

(Hint: Use intercept form.) 

(ii.) Write down the equation to PQ. 

46. From a point C=(a, 6) perpendiculars C'A and CB are drawn 
to the axes of x and y respectively. D is the mid-point of OA and 
E of BC. ‘ 

(i.) Find the equations of BD and AF respectively. 

(ii.) Show that BD and AE cut OC at points of trisection. 


47. A straight line swings about the point (3, 3), and cuts the 


1 oi ; ; 
axes at P and Y. Prove that 0 Pt0Q > 3 Find the equation to 
PQ when A OPQ = 24 sq. units. 
_ 48. A square ABCD is set with the corners A,and Bb on OX and 
OY respectively, so that OA=a and OB=b. If CD is turned away 
from O, find where OC and OD cut AB. / 


49. A straight line cuts the axes at A and B and is intersected 


by the bisector of XOY at the point C. Find the lengths of AC 


AC _OA 
and BC, and so prove that CB" OB 


APCD 
B 


50. Squares are set with one corner on OX and one on OY. Find 
the locus of their centres. 


51. A straight line cuts the axes at Aand B. A point P is found 
within AOAB such that APOA=APOB=A PAB. What are 
the co-ordinates of P ? 
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52. A straight line cuts the axes at A and B. : 

If A PAB=1 AOAB, prove that the locus of P is a straight line. 

53. A=(a, 0), B=(o, b), A’=(ka, 0) and B’=(o, kb). 

Find where AB’ and A’B intersect. 

If this point is joined to the origin prove that the join cuts AB 
at its mid-point. (Hint: Show that the co-ordinates of the mid- 
point satisfy the equation of the join.) 


54. The ratio of the intercepts (a: 6) which a straight line makes 
_ on the axes is 5:4. If it also passes through the intersection of the 
lines 2a+3y=5 and 3x - 4y=33, find its equation. 


55. A and B are the points (1, 0) and (0,1). The square of which 
OA and OB are sides is completed. Find the equation to the line 
which passes through the intersection of the diagonals and the 
point (3, 0). 

56. From a variable point P perpendiculars PN and PM are 
drawn to the axes. The diagonal MN of the rectangle so formed 
always passes through the point (2,1). Find the locus of P, and 
draw a part of it. 


’ 


57. CAB is a triangle right-angled at C. P is a variable point 
in its plane, such that A CAP=A CBP in area. 

Prove that the locus of P is the median through C of A CAB. 

Interpret the equation lz+-my=o in the light of this result. 


58. Make use of the fact that if a triangle be on a fixed base and 


has a constant area the locus of its vertex is a straight line, to prove 
that 


(i.) the graph of le-+-n=0 is a parallel to YY’, and 
(ii.) the graph of my+n=0 is a parallel to XX’. 


CHAPTER III 


ANGLE BETWEEN TWO LINES: PARALLEL AND PERPENDICULAR 
LINES: GRADIENTS: THE EQUATION Y=MLX +6 


I. Find the tangent of the angle between the two lines whose 
equations are la + my +n, =0 and lox + mgy + ng =0. 

Let # be the angle between the 
lines. 

On OX mark off OM,=m, and 
OM, =m,. 

On OY mark off =1, and 
OL, =,. 

Then by Chapter II. Article III. 
we know that the line 

Laetmy+n,=0 

is parallel to L,M,, and that the line l,x+m y+n.=0 is 
parallel to L,M,. 

Hence the angle M@,PM, between the lines L,M, and 


Oe Merle ci dan Oestan{Olt,L. 0 Mls) 
tan OM,L,-tan OM,L, 
~1+tan OM,L,tan OM,L, 
hb 
my Ma 
eee 
My Ms 
_ lym, —lym, 
~ bly +MyMo 


Corollary 1.—The lines are parallel if i= ae 
45 
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If the lines are parallel, @=0 since they are not inclined. 
Now tan 0=0, 


_ yy lymy _ 
a Lym = lem, aoe 0, 
: : lL, om 
which gives 1 1, 
ly Mz 


Corollary 2.—The lines are perpendicular if ll, + mym, =0. 
If the lines are at right angles, then 6 =90°. 


But tan 90° =o. 

_ bm, —lmy 
ily mymg 
ws Dlg + mymy = 0. 

Remarks.—(i.) The reader will more readily apprehend the 
idea of an infinite ratio if he remembers that when a large 
number is divided by a very small one then the quotient is 
big. For example, if we divide 23 by -000001, the result is 
23,000,000. He will then easily appreciate why the divisor, 
or denominator, in Corollary 2 must be infinitely small to give 
an infinitely large quotient. 

(ii.) The following scheme is helpful in remembering the 
results of this article. Place the coefficients of x and y in one 
equation above those of the same variables in the other equa- 


tion thus: beret 


difference of the cross products over the sum of the vertical 
ones. Corollary 1 expresses the equality of the ratios of the 
vertical letters. Corollary 2 states that the sum of the vertical 
products is zero. 


Then we notice that tan @ is the 


Exampite 1.—Find the angle between the lines 2u-5y=1 and 
6x - 4y=3. 


1 =[) 
We have tan 6 22 


Lyla +mymy 


.. = 145° 30’. 
The acute angle between the lines is 34° 30’. 
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EXAMPLE 2.—Prove that the lines 2x+5y=6 and 6x+15y+7=0 
are parallel. 


Hence by Corollary | the lines are parallel. 


EXAMPLE 3.—Prove that the lines 2x — es 2 and 10z+4y+3=0 
are perpendicular. 
1,1, -+mym, =(2 x 10)+(-5 x 4)=0. 
The lines are therefore perpendicular by Corollary 2. 


ExampLe 4.—T'wo straight lines at right angles to one another are 
drawn cutting the axes at A, B and 
A’, B’ respectively. Prove that the 
rectangles OA-OA’ and OB-OB are 
equal. 

if OA=a, OB=), 

OA’=qa/’ and OB’ =0’, 
then the equation to AB is 


et ae | 

as 0 
and that of A’B’ is 

te Gis 

ate 


Since these two lines are perpendicular 


atf-l OT Pl 
» (Gxa)+(exy) p 
.. 6b’+-aa’=0 
Fe OOG= Oh 
:: OB-OB’=O0A:0A’, 
the sign being immaterial as regards the areas of the rectangles. 


Il. Two straight lines are 
parallel, whose equations differ 
only im the absolute terms. 

This is so important that 
we are giving the proof here, 
though it has already been 
given in Chapter IT., and can 
be deduced from Corollary 1 
of last article. 

Let the equations to the lines be la+my+n=O0 and 
la +my +n'=0. 
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On OX take M, and on OY take L, so that OM=m and 
OL=l, 

Then we know from Chapter IJ. that the graphs of the 
given equations are straight lines parallel to LM. 

They are therefore parallel to each other. 

Exampie.—Sind the equation to a straight line passing through the 
point (3, —2) and parallel to 5u+-4y —-2=0. 

The required equation will differ from 5a%-+4y-2=0 only in the 
absolute term. 

It will therefore have the form 5x+4y+n=0. 

Now the point (3, — 2) is on it, 

10-640 ee = — Te 

Hence the equation is 

ba+4y-7=0. 

Ill. Two straight lines are perpendicular in whose equations 
the coefficients of « and y 
are wntercharged and the 
sign of one coefficient re 
versed. 

This is an immediate 
deduction from Corollary 2 
of Article I., but is so im- 
portant that we shall give 
an independent proof, 

Let the equations to the lines be 

le+my+n=0 and ma —ly+n’=0. 

In the figure OM =OM’'=m, OL=1 and OL’ = —]. 

Then we know that lx+my+mn=0 is parallel to LM, and 
ma —ly+n'=0 is parallel to L'M’. Hence we have only to 
show that LM is perpendicular to L’M’ to prove our theorem. 

Plainly triangles OL'M’ and OLM are congruent, 


“ OL'M’ =OLM., 
But OM'L' = PML. 
Hence As OL'M’' and PM'L are equiangular, 
- LPM’ = L'OM' =90°. 
The lines are therefore perpendicular 
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EXAMPLE 1.—Find the equation to a straight line through the point 
(3, 1) perpendicular to 3x -4y+2=0. 

The form of the required equation will be 42+3y-+n=0, for the 
coefficients of « and y in this equation are those of y and x in the 
given one, with the sign of the coefficient of y reversed. 

Now (8, 1) is a point on 4¢-+3y+n=0, 


.. 124+3-+n=0, 
sw = — Ls 
Hence the equation we seek is 4x+3y-15=0. 


ExampLe 2.—Apply Corollary 2 Article I. to prove that the lines 
3a —4y+2=0 and 4x+3y -15=0 are perpendicular. 


Llo-+mym, =(3 x 4)+(-4 x3) 
=12-12 
= (0. 
The lines are therefore perpendicular. 


IV. Every reader will be familiar with the expression “ A 
gradient of 1 in 100.” This means that if an engine is moving 
up an incline, then for every 100 yards it proceeds, its distance 


Fig.. f1c.2. 


above the level will increase by 1 yard. The use of the term 
gradient is slightly different in analytical geometry. 

Imagine a point N to start from the negative end of the 
z-axis and to proceed towards the positive end, while the 
head of an ordinate NP travels along a straight line 1. Then 
the distance of P from the line XX’ will increase (Fig. 1) or 
decrease (Fig. 2) by a fixed amount for every unit of distance 
traversed. by N, as we shall hereafter prove. The ratio of the 
rise or fall of P to the corresponding distance travelled by N 
is called the gradient of the line. Such a line as in Fig. 1 
where P is rising is called an ascending line, while one like that 
of Fig. 2, where P is falling, is called a descending line. 

10 
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V. The gradient of a given straight line is constant for that 
line. 
Let a straight line cut the axes at A and B. 


Let the point P proceed from P to Q, while N travels from 
N to M. 
Draw PL parallel to XX’. 


oe S 
Then by definition the gradient of AB is the ratio a which 
LQ 
is equal to PL: 
Now triangles PLQ and AOB are evidently similar, 
L 
.. gradient = oe 
08 
~ AO 
= constant. 


We note that in a descending line LQ is turned downwards. 
Hence the gradient of a descending line is negative. 


Corollary 1—The gradient of a line is measured by the ratio 
of the difference of the ordinates to the difference of the abscissae 
of any two points on tt. 


; LQ 

We have the gradient = PL 
_MQ-NP 
~ OM-ON 


_ difference of the ordinates 
~ difference of the abscissae’ 
This also shows that the gradient of a descending line is 
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negative for then MQ is less than NP, so that MQ-NP is 
negative. The construction being such that OM-ON is 
always positive it follows that the gradient of a descending line 
is negative. 


Corollary 2.—The gradient of the line joining the points 


s ao seh, since this expression gives the 
Cd pa 


(@, Y1) and (a, Yo) U8 


e difference of ordinates 
fee difference of abscissae’ 

If the line passes through the origin, then 7,=y,=0, and 
Yo 


Ly 


the gradient will be 


Corollary 3.—If a line is parallel 
to the x-axis its gradient is zero. 

Let P and Q be two points on the 
line. 

Then since PQ) is parallel oe Oe ee 
therefore NP= MQ. 

Hence Yo= os 
fae eee 0. 


—— =0, 


We ae here the idea of an absolutely 
level road, 


.. gradient = 


Y 
M Q 
N P Corollary 4.—If a line is parallel to the 
0 ¥ y-axis its gradient is infimte. 

In this case 7,=2, for NP= MQ, 


as 2741 _ Yn" 


=O, 


*. gradient = 
We have now the ees of great steepness, of ““ sheer 
descent ”’ as from a cliff. 


EXamPLe 1.—What is the gradient of the line joining the points 
(7, 9) and (2, 6) ? 
meee 71 Use 8 
i Par Se 1 eae 
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Exampie 2.—Show by a diagram that the line joining the points 
( - 2, 1-7) and ( --5, 1) is a descending one, and calculate its gradient. 

(i.) In Diagram 1 we notice that LQ is drawn downwards, so 
that the gradient a is negative as happens in a descending line. 


Vows Uy ke ee 
%_g—%, —2+°5 15 


(ii.) Gradient = 


° Draqram 1. 


EXAMPLE 3.—Draw an ascending straight li ient © } 
Vea eeey g straight line of gradient — passing 
Let P=(2, 2). In this example LQ is drawn upward i 
2a). ards. (D 
_ To draw the line we count 2 units from P to L oe foe re 
right, and then 3 units upwards to Q. Join PQ. 


ExameLe 4.—Draw lis audi Se : 
fp Sa a line of gradient 5 ‘hrough the point 


The gradient being negative, the line is a de i t 
LQ must be drawn downwards. (Diagram a ye aa a 
Let P=(-1, —2). 


From P count 5 units to Z going from lef : i 
downwards to@. Join PQ. going from left to right and then 3 units 


ExampLe 5.—Calculate the gradient of 


i heipoint (= 3) — 4), the line joining the origin 


eons Gradient = 
wy 
x’ x _-4 
=3 
4 


y' 3 
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a] ARS 
a ><a 


Ai 


Diagram 2. 


DraGRam 3, 
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VI. The slope of a straight line. 

Definition.—If a point P lying in the first or second quadrants 
be taken on a straight line which cuts the x-axis at A, then XAP 
is called the slope of the line (see figure subjoined). 

The angle XAP is 
usually called ~ (Greek 
letter psi). 

It may be acute or 
obtuse. 

x The angle X’AP must 
not be taken as the 
slope, of which it is the 
supplement. 

Corollary.—tan  =gradient of the line. 

On referring back to the figure of Article V. we see that 

tan y=tan XAP 
OB 


= gradient of the line. 
The fact that tan Y measures the gradient of the line is very 


important. It enables us to find the slope of a line when its 
gradient is known. 


Exame_e 1.—Find the slope of the line joining the points (1, 2) and 
(4, 7) by measurement and by calculation. 

On plotting the points and joining them we find by measurement 
that We XAR is rather more than 59°. (Diagram 4.) 
Yo-Yi_2-7 5 
%—% 4 3 

.. tan Y= 1-6667 (nearly). 
Hence from mathematical tables we obtain 
p=59° 2’. 


Again the gradient 


ExamPLe 2.—A line passes through the point (0, 2) and has a slope 


of 122°. Draw it and find its gradient from the diagram and from 
mathematical tables. 


nee 4 shows us that the line passes through the point 
—2, 5-2). 
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Hence the gradient 


ART. VI 


Lx 
= 
Be = 
a8 
© aan ° & 
=I ates caees = 
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CoA S 
l H Hee S 
‘s ™ 
a HPSS HHH HH StH ‘< 
NA FOC co = 
SF Seeacell sees seceste 8 
S BREECH 8 
s Cocco Ceo S 
(FEE EEE EEE EEE eg 
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E HHH EEE seeeee " HH Poo HS ~3% geeks 
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EEE neers scene 4 | 1 BS be 
Sh HHH PE BES: At 4 ea Slag uns coco 
2 HEE EHH CHEE g§ | 33588 
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27 Fate ano | aad 
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Soa a8 “aes aS 
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SF Bo re bp 
a = | U5 2 
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ae = 225 
co aS HS? 
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& 38 
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VII. Find the equation to a straight line of gradient m which 
intercepts a length of b units on 
the y-axis. 

OB is the intercept of the 
line on the y-axis, and is 
therefore b units long. 

Let P=(z, y) be any other 

X point on the line. 

Draw PN perpendicular to, 
and BL parallel to, the z-axis. 


We have the gradient = aa =m. 


BL 


Whence’ y=me+b. 

In this equation there are two constants, m and 6, and two 
variables, x and y. 

If the straight line passes through the origin, then b is of 
zero length, and the equation reduces to y=mz. 


Corollary 1.—If y 1s the slope of the line, then tan Y =gradient 
=m. 

We could therefore write the equation just found thus : 

y=a tan Y+b. 

Since B= (0, b) we might say that we have found the equa- 
tion to a straight line passing through the point (0, b), and 
having a given slope y. 

The “ gradient” form is, however, of much greater import- 
ance than the “ slope ” form of the equation. 


Corollary 2.—Parallel straight lines have equal gradients. 
If the lines AB and A’B’ in the figure are parallel, then 
evidently Y=y’. 
., tan ~=tan y’. 
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Hence the gradients are 
equal. 

It follows that if the equa- 
tions to ABand A’B’ are 


y=me+b 
and = y=m'x+0’, 
then m=m'. 


Corollary 3.—If two lines 
are perpendicular, then the product of their gradients is —1 

Let A” B” be perpendicular to AR. 
Then tan y”= —tan AA”B" 

= —cot p 

1 
~~ tan p 
..tan y tan ~”=-1. 

That is, the product of the gradients is —1. 


If the equation to A”B” is y=m"x+b", that of AB being 
y=ma+b, then mm” =—1. .In other words m” = a 

Both these corollaries could easily be deduced by the help 
of Article I., but their importance warrants an independent 


proof. 


Examp.te 1.—Write down the equation to a straight line of gradient 
2 which makes a negative intercept of 4 units on the y-axis. 


We have m=% and b= —4. 


The equation is therefore, by substitution in y=ma-+b of these 
values, 


| 


Yy = gx a 4, 
which gives 2x - 38y=12. 
ExameLe 2.— What is the slope of the line 4x -5y+6=0? 
We must first find the gradient of the line, and to do so it is 
necessary to write the equation in the form y=ma--b. 
We have 5y =40+6 
2 Y=4u+F. 
The gradient is therefore > 


.. tan y='8 
. y=38° 40’ nearly. 
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The line cuts yy’ at the point (0, 1-2) for by the last form of the 
equation b=. 


Exame.e 3.—Find the gradient of the line lxa+my+n=0. 
We first of all write 


my= —le-n 
l N 
Y= -—X- —. 
mm 


2 ; l 
We can now sce that the gradient is — a 
The line makes an intercept -< on the y-axis. 


Exameie 4.—Show that the straight lines 
y =:5x--2 and y=-5a+4 are parallel. 

The gradient of each is -5, hence they 
are parallel. 


To find their slope we have tan y=:5 
SA BER 


Exampie 5.—Show that the straight 
lines 4a - 5y+3=0 and 8x -10y+9=0 are parallel. 

The gradient of the first is 4. 

The gradient of the second is 
“fy or 4, 
"" Thus the two lines are parallel 
since they have equal gradients. 

Their slope is given by 

tan y=°8. 
.. w= 38° 40’. 


Examp.e 6.—Prove that the lines 
2Qe-3y+4=0 and 3x+2y+1=0 
are perpendicular and verify by a 
Jigure. 

(i.) The gradients of the lines are 
2and -3. 

Their product is therefore — 1. 

Hence the lines are perpendicular. 

(ii.) Since tan PA’X = — 3 

w. PAYX =128° 42’. 

And since tan PAX =2 

. PAX =33° 42’, 
APA’ = 90°. 

Remarks.—lt will be observed that the tests for parallel and per- 
pendicular straight lines take several forms. Which is to be used 
will depend on the particular problem. The fact that the product 
of the gradients of perpendicular lines is - 1 is very important. 


4 
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VIII. Find the tangent of the angle between two lines whose 
gradients are m, and m3. 

Let @ be the angle between 
the lines and let ¥, and wv, be 
their slopes. 

Then 

tan ¥,=m, and tan y= Mb. 

Now tan 6=tan (, — ¥,) 

tan ¥,—tan 
~ l+tan y, tan y,’ 


‘tan @=— 1" 
1+mym,, 
Corollary 1.—Ii the lines are parallel tan 6=tan 0°=0, 
2M — MoO. <.M,=Ms. 


Corollary 2—If the lines are ebcgendivdlas, then 
tan ?=tan 90°=a, 
414m m,=0, 
1 
s,m, = —1 orn, = ——- 
mai Ms 
Both these corollaries have already been proved. 
Exameie.—Find the acute angle between the lines whose gradients 
are * and %. 


tan 9=_” 


Wy $-F 
ie, 1444 -1897 (nearly), 


“160° “1G, 
The acute angle is 10° 44’. 


IX. MISCHLLANEOUS EXAMPLES 


ExamMpuLeE 1.—A line is drawn through the point H=(3, 2) so as to 
be perpendicular to OH. Find its equa- 
tion and show that the point PS(1, 5) hes 
on tt. 
The equation to OH is 
wey 
8 22. 
.. 2a-3y=0. (Chap. II. Art. VI.) 
Hence the equation to Ab, which is 
perpendicular to OH, is of the form 


3¢+2y+n=0. (Art. IIL.) 
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But H=(3, 2) is on the line, 
. 9+4+n=0, 
~. n= -13. 


The equation to AB is therefore 32+2y - 13=0. 
Now when x=1, y=5, so that the point P=(1, 5) lies on AB. 


Examrte 2.—In Example 1 draw PN and PM perpendicular to the 
axes. Prove HM at right angles to HN. 


We have M=(0, 5), N=(1, 0), and H=(3, 2). 
5-2 


Gradient of MH = hae? 1. (Art. V. Cor. 2.) 
. -2 
Gradient of NH ee a il 


Product of gradients of MH and NH= -1. 
The lines are therefore perpendicular (Art. VII. Cor. 3). 


ExampiE 3.—Three men start from the same place at the same time. 
One travels due east at 4 m.p.h., the second travels due north at 3 m.p.h., 
while the third keeps due north of the first and due east of the second. 
Find the direction in which the third man 
travels and his speed. 

(i.) Take the starting-place as origin, 
the East-West line as axis of x and the - 
North-South line as axis of y 

Let the third man be at P=(a, y). 

Then the first man is at N and the 
second at M. 

At 4 m.p.h, the time taken to travel the 


distance ON is ee hr. 


At 3 m.p.h. the time taken to travel OM is oe hr. But the firgt 


man goes from O to N while the second goes from O to M, 
_ ON _OM 


The slope of this line is given hae tan y=3=-75, 
» Y=36° 52’. 


The third man travels along a straight road 


direction 36° 52’ N.E. running in the 
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(ii.) If P is the position of the third man at the end of an hour 
then ON=4 and PN =3, . 


72 QP2=16--9'= 25, ~ 
a OL = 0: 
The speed of the third man is 5 m.p.h. 


ExamPLe 4.—A system of parallel lines is drawn cutting the axes. 
Find the locus of the mid- 
points of the parts of them 
intercepied between the axes. 

Since the. lines are 
parallel they have the 
same gradient k. 

Let one of them cut 
the axes at P and Q. 

Let S=(z’, y’) be the 
mid-point of PQ. 

Let Q=(0, q). 

Then the equation to 
PQisy=ka+q (Art. VIL). 


Hence by the usual method p=( 7 0) 


Kliminate q, which is a variable depending on the particular line 
of the system drawn, and must therefore not appear in the equation 
to the locus. 


We have y =f 
= —kz’, 
The locus of S is therefore the graph of the equation 
y= —kea, 
a straight line passing through the origin. 


Examen 5.—At every point Q of last example draw a perpendicular 
to PQ cutting XX’ at R.. 

Find the locus of 7’, the mid-point of RQ, and prove that it is per- 
pendicular to the locus of S. 


Since the gradient of PQ is k, that of RQ is - 


t 1 
gives m= — — 7). 


1 


i (V.B. mm’=-1 
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The equation to RY is therefore 
1 


Y= gate 
oS ESLER ONE 

and since Q=(o0, q), oy hes ce a (Chap. I.) 
Let T=(2',y); 


q 


=k 
- ga and y’ = 5° 


Eliminate q¢ as before, 


The locus of 7'=(z’, y’) is the straight line through the origin, 


which is the graph of the equation ya4e 

Its gradient is a That of the last example was -— k. 
The product of the gradients is — 1. 

OS and OT are therefore perpendicular lines. 


Exame.e 6.—Prove that the altitudes of a A ABC are concurrent. 
Take CA as axis of x and the per- 


pendicular from B to CA as axis of y. 
Let A=(a, 0), B=(o, 6), and C= 


(-c¢, 0). 
Let the altitude from © cut OY 
at H=(0, h). 
The equation of AB is 
Yee 
a ale 


and of CH is - “+o= ile 
These lines are perpendicular, 


= ( x -3)+(5%q)=% (Art. I.) 


a Cc 
¢ ig i! 
de’ Bh S0 
whence h=s, so that H= (o, +). 


Similarly it can be shown that AD passes through (0, *). 
The altitudes are therefore concurrent at H, 
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EL ae .—Find the orthocentre of the triangle whose sides are 

= 42, y=2a, and 2x+3y=12. 

The orthocentre of a triangle is the point at which its three 
altitudes meet. 

We need therefore find the equations to two of these only, and 
solve them. 

O isa vertex of the triangle, 
since two of its sides are seen 
by their equations to pass 
through the origin. 

Let the remaining vertices 
be A and B as shown in the 
figure. 

On solving the equations 
y= 2x and 2x+3y=12, we find 
that B=(1-5, 3). 

Draw OD perpendicular to 
AB, and BE to OA. 

Since the equation to AB is 
2a -+-3y = 12, its gradient is — 2. 
Thus the gradient of OD is 3. 

The equation to OD is therefore y=%x (1) 

* Again the equation to OA is y= 42. Hence the gradient of BE 
is —3. 

The equation to BE is therefore of the form y= —3x-+k. ‘Since 
B=(1-5, 3) lies on this line, 

. 3=-45+k, 
tas 


The equation to BE is : 
y= —30--7°5. C . ~ (2) 

On solving the equations (1) and (2) we find that OD and BE 
intersect at the point (4, $). 


RESUME 


1. The angle between the two lines l,a+myy+n,=0 and 
1,2 + Moy + N_=0 is given by the formula 
Lg — lym, 


oo 2 
tan Lyly + MyM 


The lines are parallel if Pant, and perpendicular if 
diy 
Ll. ae MyzMNo = 0. 
2. Lines are parallel whose equations differ in the absolute 
terms only. 
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3. Two lines are perpendicular if the coefficients of # and 
y are interchanged in their equations and the sign of one 


coefficient reversed. 

4, The gradient of the line joining the points (a, y,) and 
(2g) Yo) is oe 

5. y=ma +b is the equation to a line of gradient m, making 
an intercept of b units on the y-axis, or passing through the 
point (0, b). 

6. Two lines are parallel if their gradients are equal, and 
perpendicular if the product of their gradients is —1. Put 
symbolically we have 

(i.) m=m"'. 
, (ii.) mn'=.-1 
1 


or m’=--—. 
m 


EXAMPLES 


1. Find the acute angles between the following pairs of lines : 
{3%—-2y=1 
(\4e4 y=2. 
(2x -3y+12=0 
(2)\ g-5y+ 5=0. 
f4a+6y-5=0 
(3) 3945y+1 =0, 
2. Find the angle between the following pairs of lines : 
f 4e+2y=5 
(1) 1964-6y=7. 
f{ 2e- Sy=1 
(2) 15a+10y=4. 
3. Make the construction of Article I. for the following pairs of 
lines : 
f 4a-+-5y =3 
(1 3742y=4, 
Tx-4y=1 
(2) 5a — 6y =3. 
In each case find the size of the angles OM,L,andOM.L,. HT. 
find the angle between the lines and verify by the usual noted 


4, Perpendiculars are drawn to the axes from the point C=(a, b). 


ART. IX EXAMPLES 65 


Find the equations to the diagonals of the rectangle so formed. 
Hence obtain an expression for the tangent of the angle which they 
include. 


5. Prove that the following pairs of lines are parallel : 
(1) { 3u-— 2y=4 


6z-— 4y=38. 
( yf 4x+ Ty=1 
\ 20x +-35y =6. 


6. A straight line is drawn through the point (3, 4) parallel to the 
line +2y=5. Find its equation. 


7. Find the equation to the straight line passing through the 
point (2,-—3) and parallel to 42 -— 5y=2. 


8. A straight line cuts the axes at A=(a, 0) and B=(o, 6). Find 
the equation to the straight line which joins the mid-points of OA 
and OB, and hence show that it is parallel to AB. 


9. A straight line is drawn through the intersection of the lines 
2¢+y+1=0 and 6xu-5y= 37, parallel to the line 2”-3y=0. 
Find its equation. 


10. A straight line is drawn through the origin dene to the line 
a +5 1. Find its equation. 


i Prove that the following pairs of lines are perpendicular : 


f 3a- y=4 
ay Ba-+15y =2. 
6a+ 4y=7 

(2) 280 — 42y =9. 


12. A straight line is drawn through the point (1, 1) perpendicular 
to 5u-Ty=2. Find its equation. 

13. A straight line is drawn through the origin perpendicular to 
7z+9y=2. Find its equation. 

14. Perpendiculars CA and CB are drawn from the point C=(a, b) 
to the axes. Find the equation of the perpendicular from the origin 
to the diagonal AB. 

15. In last example if OACB is a square prove by analytical 
methods that the diagonals are perpendicular. 

16. OPQ is a triangle such that O=(0, 0), P=(3, 3) and Q=(0, 4). 
Find the equations to ) the altitudes of the triangle through O and Q. 
Solve them and so find the orthocentre of the triangle. 

17. A straight line cuts the axes at A=(4, 0) and B=(0, 3). 

P isa variable point on it. 


@ is taken on OP so that OQ=4 OP. 
Show that the locus of Q is a straight line parallel to AB. 


F 
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18. A and B are two points on the x and y axes respectively. 

OD is perpendicular to AB, and OF bisects angle AOB. 

AF is perpendicular to OL. 

If OA=a and OB=8, obtain the equations to AB, OH, OD, and 
AF. 

Prove that the angle between OH and OD is equal to the angle 
between AB and AF. : 

19. A straight line cuts the axes at A and B. ; 

Prove that the median through O of triangle OAB bisects all 
lines parallel to AB. 

(Hints: Take the equation to AB in intercept form. The equa- 
tion to any parallel, PQ, will differ only in the absolute term. Find 
the equation to OC, where C is the mid-point of AB. Show that the 
mid-point of PQ lies on AB.) : 

20. Write down the gradients of the lines joining the following 
pairs of points :— 


(1) (1, 2) and (4, 3). (4) (0, 0) and (2, - 3-8). 
(2) (—2, 5) and (3, 2:6). (5) (0, 0) and (5, 4). 
(3) (0, 3) and (- 4-2, 0). (6) (0, 0) and (—5, —4). 


(7) (a, 0) and (0, 6). 
21. Find the slope of the lines joining the given pairs of points. 
(1) (3-2, 4-5) and (6-5, 7-2). 
(2) (0,-1-4) and (—2-2, 1-9). 
(3) (0, 0) and (3, - 5-6). 

22. What is the gradient of all lines perpendicular to 
(1) 5a -2y=3 and (2) 4e+7y+10=0? 

23. Find the gradients of the lines joining the pairs of points 
(2, 1), (4, 4), and (5, —4),(-1, 0). Use the test mym,= - 1 to prove 
the lines perpendicular. 

24. ABCD is a square, F is the mid-point of AD, and # is taken 
on AC so that dH: HC=1:2. Prove that DEH is perpendicular to 
FC. (Use mym,= - 1.) 

25. A=(a,o), B=(-a, 0), and P=(2’, y’). 

If PA is perpendicular to PB prove that #?+y"=a%. (Use 
MM, = — 1.) 


26. Use Article I. to find tan @ in the case of the lines y=m,a-+b, 
and y= my r+. 


27. A straight line cuts the axes at A and B, and C is the mid- 
point of AB. Perpendiculars CM and CW are drawn to the axes. 
If P is a variable point such that the area of the quadrilateral 
ONPW is equal to A OAB, show that the locus of P is a straight 
line parallel to AB. 


28. KL is taken on XX’ of length / units, and MN is taken 
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on YY’ of length m units. P is a variable point such that 
A KPL—-A MPN is constant. Prove that the locus of P is a 
straight line perpendicular to da+-my+n=0. 

29. PN is perpendicular to XX’ and PM to YY’. 

(i.) Find the locus of P if the perimeter of the rectangle ONPM 
is constant. e 

(ii.) Find the locus of P if the length of the rectangle always 
exceeds its width by a given amount. Prove that the two loci are 
perpendicular lines. 


30. OADB is a trapezium having AOB=OBD=90°. It OA=8 
units, OB=7 units, and DB=3 units, find the angle between OD 
and AB. 

31. Find the angle between the lines w+y-5=0 and 
2z%—-2y4+3=0. Find also the area of the quadrilateral which the 
lines form with the axes. 

32. ABC isa triangle. BE is perpendicular to AC, and CF to 
AB. Vi CF cuts BE at H, prove analytically that HC-HA = HH-EB. 
(See Article I. Example 4.) : 

33. CAB is a right-angled triangle. A line perpendicular to the 
hypotenuse AB meets CB at Q and CA at P. Prove BP perpendicu- 
lar to AQ. 

34. Find the orthocentre of the triangle whose sides are the lines 
L=y, v=2y and x+2y=8. 

35. Find the co-ordinates of the foot of the perpendicular from 
the origin to the line = += A. 

Tf the line cuts the axes at A and B, and if D is the foot of the 
perpendicular from O to AB, find the lengths of OD, AD, and BD. 
Hence prove that OD*= AD-DB. 

36. Write down the equation to lines having gradients and y-inter- 
cepts as follows : 

(i.) gradient 4; intercept 4. 

(ii.) gradient -8; intercept 3. 
(iii.) gradient --8; intercept - 2. 
(iv.) gradient 1-7; intercept zero. 

37. Find the mid-point of the length intercepted by the axes on 
the line y=ma-+b. 

38. Find the locus of the mid-points of the lengths intercepted 
by the axes on a series of parallel lines. (N.B.: All,the lines have 
the same gradient. ) 

39. What are the co-ordinates of D, the foot of the perpendicular 


from O to the line 2x-+-y=10? 
Find another point P on the given line and draw from it per- 
pendiculars PN and PWM to the axes. Prove that MN subtends a 


right angle at D. (Hint: Use mym,= — 1.) 
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40. Points B and B’ are taken on the y-axis so that OB=OB’, 
The gradient of a line through Bis m. If OB=b write down the 
equation to a line through B’ perpendicular to that through B. 
Where do the two lines intersect ? 


41, A straight line cuts the axes at A=(a, 0) and B=(o, b). The 


bisector of XOY is drawn. % 

(i.) Work out the equations to the perpendiculars from A and B 
to the bisector. 

(ii.) Find the co-ordinates of D and #, the feet of the perpen- 
diculars. 

(iii.) Parallels are drawn through D and # to the axes. Prove 
that two of them intersect on AB. 


42, A straight line cuts the axes at A and B. 

C is the mid-point of AB. 

A perpendicular BD is drawn from B to OC. 

(i.) If A=(a, 0) and B=(o, b), what is the gradient of BD ? 

(ii.) Hence obtain the equation to BD and find the point H where 
it cuts XX’. 

Prove OA:OH =OB*. 

43. If a triangle ABC is right-angled at C find an expression for 
the tangent of the angle between the lines joining C to the corners 
of the square on the hypotenuse as in the figure of Pythagoras’ 
theorem, the sides of the triangle being a units and 6 units in length. 


44. ABC is a triangle right-angled at C. 

B is joined to any point P on AC or AC produced. 

AQ is perpendicular to PB and cuts PQ at R. 

Prove that the system of lines PR are all parallel to one another. 

(Hint: Use intercept form of equations to straight lines BP and 
AR. Prove the gradient of P& constant.) 


45. A point B is taken on the y-axis. Through it are drawn a 
pair of perpendicular lines. Parallels are drawn to these lines 
through the origin so forming a rectangle. Prove analytically that 
the variable diagonal always bisects OB. 

(Hint: Use the gradient form of the equation to a straight line.) 


46. Two straight lines are drawn, one through the point (0, 2) 
and the other through jthe point (2, 1). If the intercepts made by 
the axes on the first are three times those made by the second find 
the equations to the lines. 


47. Three points A, B, and C are taken such that A=(12, 0), 
B=(0, 15), and C=(8, 0). Parallels are drawn through C to OY 
and AB, Find the point of intersection of the diagonals of the 
parallelogram so formed. 


48. From any point on a given straight line perpendiculars PM 
and PN are drawn to the axes. Prove that the locus of the mid- “point 
of MN is a straight line parallel to the given one. 


XN 
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49. ABCD is a square. A variable line is drawn through A. 
Perpendiculars BP and DQ are drawn to the line. Parallels are 
drawn through P and Q to the sides of the square, so forming a 
rectangle PSQR. Prove that 8 and R always lie on one or other of 
the diagonals of the square. 


50. ABC is an isosceles triangle such that A=(a, 0), B=(o, b), 
and C=(-a, 0). Find an expression for the tangent of the angle 
between the medians through A and C. 


51. In last example prove that the angle between the altitudes 
through A and C is equal to the angle between AB and BC. 


52. OACB is a rectangle such that A=(a, 0) and B=(o, b). 
P and Q are taken on XX’ so that OP =OQ=OB. 


tan BPC. 
tan BQC 

53. Through the point C=(0, 3) two straight lines are drawn 
whose gradients are 2 and -—+# respectively. Perpendiculars OA 


oO 


and OB are drawn to these lines. What angle does AB subtend 
at O? Prove it supplementary to ACB. 


54. A straight line of gradient m cuts the axes at A and B. 
C is the mid-point of AB and OD is perpendicular to AB. 
If OB=6 find the tangent of the angle between OD and OC. 


If DOC =45° find the slope of AB. 


55. B and B’ are two points on‘the y-axis such that OB=OB’. 

(i.) Write down the equation to a line through B of gradient m. 

(ii.) Find the point P where this line cuts the parallel to the z-axis 
through B’. 

(iii.) A parallel to the y-axis cuts these lines at Q and &. What 
are the co-ordinates of S, the mid-point of QR ? 

(iv.) Prove that OS passes through P. 


56. AB is the hypotenuse of a right-angled triangle ABC. Any 
straight line parallel to AB cuts CA at P and CB at Q. Find the 
locus of the intersection of AQ and BP. 

(Hints: Take the equation to AB in intercept form and use the 
fact that the equation to PQ differs from it only in the absolute 
term.) 

57. From the vertex B of an isosceles triangle ABC a perpen- 
dicular BD is drawn to the base. D# is drawn perpendicular to 
AB. B is joined to F, the mid-point of DH, Prove BF perpen- 
dicular to CH. 


Find the ratio 


CHAPTER IV 


LENGTH OF THE PERPENDICULAR FROM A POINT TO A LINE: 
THE EQUATION & COS a+yYy SIN a=) 


I. The expression le+my+n has the same sign for all points 
(x, y) on one side of the line le+my+n=0, and has the contrary 
sign for those on the other side of the line. 

Let AB be the straight line la+my+n=0. 

Let P=(a,, y,) be any point in the plane of the axes. 

Draw PN perpendicular to 
XX’ cutting AB at Q. 

Then Q=(a,, NQ). Now Q 
lies on AB, 

7. lt, +m->NQ+n=0, 
Mell “. la+n=-m- NQ, 
J. ty t+ my, +n=my,—mNQ, 
=m(NP —- NQ). 
Hence since m is a constant the sign of lx,+my,+n is 
dependent on that of the difference NP — NQ, which is positive 
or negative according as NP is greater or less than NQ. Now 
the figure shows us that NP will always be greater than NQ 
so long as P lies on one side of the line AB, but will be less 
than N@ when P is on the other side, as at P’. Consequently 
the sign of lx, +my,+ is plus for all points on one side of the 
line ler +my+n=0, and is minus for points on the other side. 

‘When P lies on AB then NP=NQ, so that lx, + my,+n=0 
as we know it should be. The line is a sort of neutral zone 
with regard to the sign of the expression lz + my +n. 

We have, then, the following procedure. To see whether 
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two points lie on the same or opposite sides of the line 
le+my+n=O0 substitute their co-ordinates in the expression 
la+my+n. If like signs result the points are on the same 
side of the line, but if contrary signs are obtained the points 
are on opposite sides of it. 

Exampye 1.—Is the point (2, 5) on the same side of the line 
3x-+4y -12=0 as the origin ? 


When «=0 and y=0 then 37+4y-12= - 12. 
When x=2 and y=5 then 3x7+4y-12=+414. 


The point (2, 5) is on the side remote from O. 
Exampre 2.—Classify the following points with regard to the line 


2x -+5y=10 :—(1, 2), (— 6, 1), (-3, 2), (- 3, 4), (2, -1), (-1, -2), 
(3, 5),.and (6, ang 1). 


DraGRaM Is 
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We must first write the equation to the straight line thus : 
24-+5y -10=0. 
When z=0 and y=0 _ then 2a+5y-10= - 10. 
When z=1 andy=2 then 27+5y-10=+ 2. 
When «= -6 and y=1 then 24+5y-10= - 17. 
When «= -3 and y=2_ then 27+5y%-10=- 6. 
When «= -3 and y=4 then 2~7+5y-10=+ 4. 
When 2=2 and y= -—1 then 27+5y-10= —-11. 
When x= -1 and y= - 2 then 27+ 5y- 10= - 22. 
When «=3 andy=5 _ then 2~+5y-10=-+21. 
When z=6 and y= -1 then 2x+5y-10=- 3. 

Hence the points (—6, 1), (-3, 2), (2, -1), (-1, -2), and 
(6, —1) lie on the origin side of the line, while the points (1, 2), 
(-3, 4), and (3, 5) lie on the other side. 

It has to be remarked that we could have written the equation 
to the line as follows : 


— 2% -5y+10=0. 
This is merely the form we chose multiplied throughout by -—1. 
In this event the positive and negative regions will now be inter- 
changed. ‘The signs of all our results will, however, be reversed, so 
that the classification of our points will in no way be affected. Let 
us take, for example, the first two points, namely (1, 2) and (- 6, 1). 


When x=0 = and y=0 then - 2% -5y+10=-+10. 
When «=1 and y=2 then-2v-5y+10= - 2. 
When w= —6 and y=1 then - 2¢-5y+10=-+17. 


Hence we have shown as before that (—6, 1) is on the same side 
as the origin and (1, 2) on the remote side. 

At the outset of our work we must therefore prepare our equation 
and abide by the arrangement throughout. 

Il. Find the length of the perpendicular from the point 
P=(a', y’) to the straight line la+my+n=0. 

Mark the points M=(m, 0) and L=(o, l). 

Then LM is parallel to la+my+n=0 
(Chap. II.). 

Draw PQR perpendicular to the two 
parallel lines. 

Join PL, PM, QL, and QM. 

The quadrilateral LPMQ is the 
difference of the quadrilaterals OLPM 
and OLQM. 

Now la’ +my'=2 quad. OMPL (Chap. II. Art. III.), and 
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—n=2 quad. OMQLE, since Q is a point on the line lx + my+n=0 
(Chap. IT. Art. IIT.). 
Subtract =. la’ + my’ + n=2 quad. LMP sransGl)s 
But 2 quad. LQOMP=2 A LPQ+2A MPQ. 
=PQ-LR+PQ- MR. 


=PQ- IM. 
=PO Rm |. : a 2). 
Hence by (1) and (2) PQ /l?+m?=Iz' +my' +n, 
la’ + my’ +n 
ee 
is? JP +m? 


Remarks.—The numerator of this formula is the expression 
le’ +my'+n. Hence by last article p will not only have 
magnitude, but also a sign depending on which side of the 
line l2+my+n=0 the point (x’, y’) lies. The signs of per- 
pendiculars from points on one side of the line will be plus, 
those from points on the other side minus. 

The procedure for finding the length of the perpendicular 
in any given case is the following. Bring all terms of the 
equation to the straight line to one side, say the left-hand one. 
Then substitute (x’, y’) in the left-hand member of the prepared 
equation, and put the result over the square root of the sum 
of the squares of the coefficients of and y. The actual length 
of the perpendicular will, of course, in no way depend on the 
manner in which we write the left-hand member of the equa- 
tion, but the sign will be affected, contrary signs being obtained 
for the two arrangements la+my+n=0 and —lx—my—n=0. 
In any problem where sign is of importance, that is to say in 
a question involving the situation of the point relative to the 
line, we must at the outset decide between the two forms of 
the equation and adhere to our choice throughout the work. 

Exampie 1.—Find the lengths of the perpendiculars from the 
origin and from the point (2, 3) to the straight line 3x+5y =6. 

We first write the equation thus : 

3x-+5y - 6=0. 
Let the two perpendiculars be p, and p. 
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(i.) Putting x=0 and y=0 in the expression 3x+5y — 6 we have 
Po~ V3 5 
= — 1-03 (approx.). 
(ii.) Putting «=2 and y=3 we have 
Pre FG 
PO NBEEBE 
= 2-57 (approx.). 
The lengths of the perpendiculars are approximately 1:03 units 


and 2:57 units respectively, and the signs of the results show us that 
the origin and the point (2, 3) are on opposite sides of the line. 


Exameite 2.—Work out the results of last exanvple, writing the 
equation to the straight line in the form — 3x - 5y+6=0. 
In this case 


6 
= a OO MD PLOSs 
to" Ha pprox 
-15 
Oe SE 
Ee aE CaOe 


The numerical values are the same. The signs are reversed, but 
they still show us that the points are on opposite sides of the line. 


EXAMPLE 3.—Find the length of the perpendicular from the origin 
to the line le+-my+n=0. 
Let the length of the perpendicular be p, units. 
Then on putting «=y=0 in the expression le+-my-+-n we obtain 
n 
/]2+- m2 
Examene 4.—Find the locus of a point which moves at a distance 
of two units from the line 3a+-4y =12 and on the origin side of it. 
Let (a, y;) be any position of the vari- 
able point. 
Write the equation to the line in the form 
3xu+4y -12=0. 
The length of the perpendicular from 
the origin is 


Po 


ue TEs ele 
V9+16 5 
Perpendiculars from the origin side of the line will therefore be 


negative. 
Hence since we are given that the length of the perpendicular 
* from (a, y,) is 2 units, 
3x,+4y, - 12 
Seg 2. 


.*. 8% +4y, =2. 
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The locus of (2, y,) is the graph of the equation 3x+4y=2. 
It is a straight line parallel to the given one AB. - 


EXxamPLeE 5.—Obtain the locus of last example when the point moves 
on the side remote from O. 

Let (2, Y2) be a position of the variable point. Using the arrange- 
ments of last example, we see that the sign of the perpendicular 
from (%2, y) must be plus, since that from O is minus, 

, 8g +4y_—-12 | 

As ere ge ace 

os 3X +4Yo = 22. 

The locus in this case is the line 3a-+4y = 22, also a parallel to AB. 


2, 


Ill. An ab initio method of finding the length of the perpen- 
dicular from O to a gwen line la+my+n=0. 


Let AB be the line la+my+n=0. Y 
Draw OD perpendicular to AB. 
Then either of the expressions BN 
ae a al ae ae aan eo 
measures the area of A OAB. 
“.OD-AB=OA-OB. ; f PADS 
From the equation lx+my+n=0 we have OA= -4 and 
Op= 2= 
m 
; on WF +m") 
bie mies A cag Ba 
12 + m2 
ABatN! +m 
lm 
n /P+m? n* 
nal + .0D=—- (by 1), 
n 
ROOD) ates) 
JA +m? 


Compare this result with Example 3 of last article. 


IV. Equations to the bisectors of the angles between two lines. 
Let L, and L, be the two lines, and let their equations be 
Laotmy+n,=0 and lov + mgy + ng =0 respectively. 
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The lines divide the plane of the axes into four regions which 
we have numbered I., II., IIL, and IV. 

It is a well-known geometrical property of the bisector of 
an angle between two lines 
that any point on it is equi- 
distant from the lines, so we 
shall use this fact to obtain the 
equations of the bisectors. 

Consider a point P on the 
bisector which passes through 
regions I. and III. Suppose 
that in region I. it is, as regards 
perpendiculars, on the positive side of both lines. Then since 
in passing into region III. the point crosses both lines it will 
there be on the negative side of each line. Hence in region I. 
we have p,=/p,, and in region III. —p,= —~,, which is the 
same thing as p,= Pp». 

If therefore P =(x’, y’), we have on equating perpendiculars 
for this bisector 


La’ + my +2, la’ +mg'y + 29! 


V1? +m? n/ly? + 92 


(1). 


Take next the case of a point lying on the other bisector, 
and suppose it to be in region II. In passing from region I. 
to region IT. a point crosses the line Z, but not the line Z,,. 
It therefore follows that the signs of the perpendiculars to L, 
will now be negative, while those to L, will remain positive. 
If we were to take a point in region IV. it is the line Z, that 
is crossed in passing from I., so that the signs of the perpen- 
diculars to L, are changed, but not these to L,. In either case, 
however, the signs of the perpendiculars to L, and LZ, are 
unlike. Hence if P=(w’, y’) is a point on the bisector which 
lies in regions II. and IV., then 


aly’ +2 _ loa’ + may’ pide 
V1.2 +m? 1,2 + m2 


(2). 
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_ From results (1) and (2) we see that the equations to the 
bisectors are 
Lat my tm  lvt+ my +N 


Jl?+m? Jl? + m2 ? 
aa Lot my+n  lv+mgy+ng 
JT? +m? JI? + m2 ” 


or written together 
Lot myy+ Ny - 1% + Moy + Np 
Jigme —  Jie+mg 
The equations to the bisectors of the angles between two 
lines are thus obtained by equating the expressions for the 
lengths of perpendiculars to the lines from points on the 
bisectors, in one case the signs being like and in the other unlike. 


PxAMPLye.—Obtain the equations to the bisectors of the angles 
between the lines 3x-4y=7 and 12x+5y=15 and prove that they 
are at right angles. 

First of all we must write the equations in the necessary shape. 

3a-4y- 7=0. ; ‘ ae (Ly 
and 127+5y-15=0. : : + (Cp 

The equations to the bisectors are therefore 

3x2-4y-7 12”%+5y—-15 


3 3 ; : a (G)) 
3a-4y-7 12%+5y-15 
and 5 3B (4). 


Simplification of results (3) and (4) gives 
21az+77y-+16=0, 
and 99x - 27y — 166=0. 
Now the product of the gradients 
=~ 9+ XP 
= Ss 1, 
proving that the bisectors are at right angles. 


V. The accompanying figures will show that f we know the 
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length of OD, the perpendicular from the origin to the line AB, 
and if we also know the angle « between OX and OD then we can 
draw AB. 


VI. Find the equation to a straaght 
line at a distance of p units from 
the origin, and such that the angle 

x between OX and OD, the perpendicular 
from O, is a. 

Let the straight line cut the axes 

at A and B, and let P=(z, y) be any point on it. Join OP. 


Then XOD=a, and OBA =90° — DOB=a. 


Now A OPB+A OPA=A OAB, 
“.@ OB+y: OA=p- AB, 
OB OA 


+ Apo AB oe 
.2COSa+Yy Sin a=—p, 
This is known as tlie “‘ perpendicular form ”’ of the equation 
to a straight line. 


ExameLe 1.—Find analytically the intercepts made by the line 
xcosa+y sina=p on the axes. 


aA ¥s, 
When y=0 then «= aera and when «=0 then y= a 


104 = aes — and OB=—— = 88 the figure shows. 


EXAMPLE 2.—Find the seten hd gradient of OD. 

The equation to AB being xcosa+ysina=p, that of a line 
through the origin perpendicular to it is ~ sin a—y cos a=0 
. (Chap. ITI. Art. IIT.). The equation to OD is therefore 

y COS a= sin a or y=a@ tana, 
This last form shows that the gradient is tan a. 
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EXAMpLe 3.—-Find the size of XOD for the line 20+5y+3=0. 
(1) The line makes negative intercepts on the axes, and therefore 
lies as shown in the figure. 
The equation to the line as given is 
2x¢+5y+3=0, 
and in perpendicular form is 
x cos a+ysina=p. 


Equating the lengths of the inter- 
cepts on the axes as derived from 
these two forms we have 


Ce 
eee (x-intercept). 
eae 
aa B (y-intercept). 
Divide (Meee 
cosa 2 
.*. tan 4 =2°5, 


.*. @ = 68° 12’ or 248° 12’. 
Now the figure shows us that XOD is between 180° and 270°, 
-. XOD = 248° 12’. 
(2) Alternative Method.—The equation to OD is 5u-2y=0. Its 
gradient is therefore 2:5, so that its slope y=68° 12’. 
To obtain XOD we must add 180° to wv (see figure). 
.. XOD =248° 12’ as before. 


VI. MISCELLANEOUS EXAMPLES 


ExamMeLe 1.—S'rom a point P=(a, b) perpendiculars PA and PB 
are drawn to the axes. Wind the distance 
of P from the diagonal AB of the rectangle 

~ OARS. 

P2(a,b) The equation to AB is 


gr U oe 
: . 2. 


7. bx--ay — ab=0. 
The distance of P=(a, b) from this line is 
ab+ab—-ab _ ab : 
ae? Nok EP 
We note that for the distance of O from AB we have 
_ =-ab ; } 
Po Pb 
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The difference of sign in these results is due to the fact that O and 
P are on different sides of AB. 

ExampiE 2.—In the figure to last example L is the mid-point of 
AB, LQ is perpendicular to AB, PQ is perpendicular to LQ, and PK 
is perpendicular to AB. Find the area of the rectangle K LQP. 

The equation to AB is 


The equation to the line L@ which is perpendicular to it is of the 
form 


; . ue k (Chap. II. Art. IIL). 
But = (5 3) lies on LQ, 
eee 
25 2a” 
eb 
ba 20 fa 


.. 2ax — 2by - a? +6?=0. 


The length of the perpendicular from P=(a, 6) to this line 
2a? — 262 -—a?+-65? 39 a — 8 


Vda? +42 2rJ@epoe 


Hence we have PK = oh ha (Ex. 1), and PQ= esac 
Varo? ; 2/2 +b” 
.*. Area of rectangle KLQP = PK - PQ, 
__ ab(a? — 6) 
r) 2(a? +b?) * 


EXAMPLE 3.—From any point P on the base AC of an isosceles 
y triangle ABC perpendiculars PM and PN are 
B drawn to the sides AB and BC. Prove 
PM-+PN =constant. 


3; Take AC as axis of x and its right bisector as 
axis of y. 
aS | LER Let AC =2a and OB=6. 


.. A=(a, 0), BS(0, b), and C=(-a, 0). 
The equation to AB is » 


SO) 
atp= or —bx-ay+ab=0 : soa): 
The equation to BC is 
“xy . 
eae or bx -ay+ab=0 : - (2). 
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We write the equations to the sides of the triangle in these forms 
because we note that P is on the same side of both lines as O, so that 
the signs of the perpendiculars from O to BA and BC being now 
plus, those of the perpendiculars from P will also be positive. 

Let P=(z’, 0). 

= ave fae aK led SVAN 
NP +e Na+6? 
2ab 
a. PN+ PM = ——___ 
a Na? +b? 


= constant. 


RESUME 


1. The expression lx + my +n is positive or negative accord- 
ing to which side of the line lz +my+n=0 the point (2, y) lies. 

2. The length of the perpendicular from the point (z’, y’) 
to the line lx +my+n=0 is given by 


The sign of p will therefore be that of the expression 
la’ + my’ +n. . 
3. The equation to a line whose distance OD from the origin 
is p units, and is such that XOD=ais 
Zcosa+ysina=/p. 
This form is known as “ Perpendicular Form.” 


EXAMPLES 
1. Are the points (2, — 5) and (-3,4) on the same or opposite 
sides of the line 4% - 6y=7? 
2. Classify the following points relative to the line 3a=2y — 5. 
(1, 0), (2, 7), (-4, -1), (8, - 5), (0, 8). 
3. Find the length of the perpendicular, 
(1) from (2, 1) to the line 4a-+3y+5=0; 
(2) from (-3, 4) to the line 2a-5y=7; 
(3) from (0, - 2) to the line y=:5a+8 ; 


ae Ey a 
(4) from (5, - 6) to the line rags 1; 


(5) from (5, 12) to the line 3a= Ty. 
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4, From the point C=(4,4) perpendiculars CA and CB are 
drawn to the axes. O is joined to D the mid-point of AC. Find 
the length of the perpendicular from B to OD. 


5. Points B and B’ are taken on the y-axis so that B=(0, 4) and 
B’=(0, -4). Through B’ a line of gradient } is drawn, and through 
Ba perpendicular BD is drawn to this line. Find the area of A BDB’, 
by obtaining the lengths of BD and B’D from the perpendicular 
formula, Verify the result by finding the distance of D from YY’. 


6. OACB is a square such that C=(c, c). 
A parallel is drawn through O to the diagonal AB. 
Perpendiculars are drawn from A and B to this parallel, so forming 


a rectangle. 
Prove analytically that the rectangle is equal in area to the 


square. 
7. OACB is a rectangle such that C=(5, 3). 
From B a perpendicular is drawn to OC. 
Perpendiculars are drawn from A to this line and to OC. 
Find the area of the rectangle so formed. 


8. Find the area of the rectangle of last example if C=(a, b). 


9. A point P moves at a distance of 3 units from the line 4a+4-3y=5 
and on the side remote from O. Find its locus and draw it. 


10. A point moves at a distance of 5 units from the line x-+y=6. 
Prove that it can lie on either of two straight lines. 

1l. Find the area of the triangle whose vertices are the origin 
and the points (2, 5) and (6, 3). 

12. Find the area of the triangle whose vertices are at the points 
A=(5, 0),.B=(0, 2), and C=(8, 4). 

(Hint.—Take the equation to AB in intercept form.) 

13. Find the area of the triangle whose vertices are A=(1, 1), 
B= (6, 2), and C=(8, 5). 

Verify the result by the method of Chap. I. 

(Hint.—Find the equation to AB as in Chap. IT. Art. VI. Ex. 1.) 

14. Write down the equations to the bisectors of the angles 
between the following pairs of lines : 


2¢+5y+3=0. 
{ans Aes 


in ee 
| gtg-) 
y=3u+4, 
HeSIOy 
(3){ 35 4y =0. 
Draw the system of No. 2 on squared paper, 
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15. OAB is a triangle such that A=(4, 0) and B=(0, 3). Work 
out the equations to the bisectors of the angles OAB and OBA. 


Show that they intersect on the bisector of XOY. 


16. Hind the angle between OX and the perpendicular from O 
to the line 27+5y= 10. 

17. From the point C=(6, —4) perpendiculars C'A and CB are 
drawn to the axes. OD is drawn perpendicular to AB. Find the 
size of the angle a as regards the line AB. (See 3 of Résumé.) 


18. With centre O and a radius of 2 units describe a circle. 

Draw a radius OP such that the angle XOP =50°. 

Draw the tangent at P and write down its equation in perpendi- 
cular form. 

19, ABCD isasquare. His any point in BC. 

BF and DG are perpendicularsto AH. ProveBr: DG=BEH: AB. 

20. ABCD is a rectangle. H is any point on BC. Through Da 
parallel is drawn to AW, and to it AG and HF are perpendiculars, 
Prove that the area of the rectangle AH FG is constant. 

21. A straight line cuts the axes at A=(a, 0) and B=(o, 6). 

A square ABCD is described on AB go as to be turned away from 
O. Prove analytically that the distance of its centre H from AB is 

ETB 
ae 
(Note.—E is the mid-point of AC or BD.) 
22. ABCD is a square whose sides are of unit length. 


A variable line through C cuts AB at P and AD at Q. 
Prove that the length of the perpendicular from A to PQ is 


/ 


23. Prove the theorem of Art. I. as follows :— 
(a) Draw the quadrilateral OLPM as in Art. IT. placing P 
(1) on the side of le+-my+n=0 remote from O, and 
(2) on the same side of the line as O. 
(6) Take Q at a convenient point on the line, and consider 
the difference of the quadrilaterals OLPM and OLQM. 
24. Find the length of OD, the perpendicular from O to the l.ne 
l~+my+n=0 by constructing the quadrilateral OLDM and obtain- 
ing its area in two ways. 


CHAPTER V 


EQUATION TO A CIRCLE WHOSE CENTRE IS THE ORIGIN: 
INTERSECTION OF A STRAIGHT LINE AND A CIRCLE 


Definition.—A circle is a plane figure enclosed by a line 
called its circumference, all points on the latter being equidistant 
from a certain internal point called the centre. 


I, Find the locus of a point which moves at a distance of a 
units from the origin. 

Let P=(x, y) be a point such 
that OP =a. 

Draw PN perpendicular to XX’. 

Then .ON?+NP2=—OP*, 

2 + yt =a, 

The locus of P is the graph of this equation, which is there- 
fore the circle with centre 0 and radius of a units. 

Remarks.—Ilf the length of a be varied, the result will be 
a system of concentric circles. If we continuously decrease 
the radius, then the circles will become smaller and smaller, 
till with a very fine pair of compasses we should 
have a mere speck. Hence ultimately, when 
a=0 we arrive at a point, namely the origin. 
A degenerate circle of this kind is called a point ©) 
circle. We say, therefore, that 22+y?=0 is a 
point circle at the origin. (See adjoined figure.) 

Again, we can write the equation a? + y? =a? as follows, 


year — 22 
“y= far—a. 
84 
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This shows that when any value is assigned to x there are 
two corresponding values of y, which are numerically equal, 
but have opposite signs. ‘The two points obtained therefrom 
lie on either side of the z-axis and at equal distances from it, 
one directly above the other. Further, x can never be numeric- 
ally greater than a, for then a* — z* would be negative, and there 
is no real square root to a negative number. Similar remarks 
will apply when «# and y are interchanged in the discussion. 


Examp.e 1.—Draw the graph of «*+y?=4. 

Comparing with the equation x?+ y*=a*, we see that the equation 
is that of a circle whose centre is O. 

In this case a?=4, so that the radius of the circle is 2 units. 


We have y=t /4- 2%. ‘4. 
Note that when 2>2 say-3, then y=+,/-5, which are unreal 
numbers. AL ia bat he 
a se oe ae 1-73: | 0 | 


y,{| O| —173| -2| -1-73] 0| 
In the graph observe the relative positions of the points (1, 1-73) 
and (1, — 1-78). 
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EXAMPLE 2.—Describe the graph of the equation x? -+-y?=5. 
Let P=(x, y) be a point on the locus, then 


OPt=24+y2=5 .. OP=A/5. 


The graph is a circle whose centre is O and radius ,/5, or 2-24 
units (approx. ). 


Exameie 3.—T'wo variable straight lines AP and BP pass through 
two fixed points A and B, and are at right angles to one anothe,. Find 
the locus of P. 

Take AB as axis of x and its right bisector as axis of y. 

Let A=(a, 0) and B=(-4a, 0). 

Let P=(x’, y’). 

The gradient _,, 
J of APis ——~ 
Prxiy) 


The gradient Chap. IIT. 


of BP is 


-a-“ 

But the lines AP and BP are 
at right angles, therefore the 
product of their gradients is — 1 
(Chap. III.). 


B 
(-@,0) Mae 
. a y = — 
** ~~ (a+2’) (a-2’) 


oi.) = Oe are 


1, 


2. v/2+-y'% =a? (a constant). 


The locus of P=(w’, y’) is the graph of the equation 2°+y?=a?, 
a circle with centre O and radius of a units. 


EXAMPLE 4.—A point moves so that the sum of the squares of its 
distances from two fixed points 10 units apart is always 62 sq. units. 
Find its locus. 

Let the fixed points be A and B (see last figure) such that AB=10 
units. 

Take the same axes as in last example. 


Then A=(5, 0) and B=( —5, 0). 
Let P=(a’, y’). 
Now AP? =(a#' -5)?+y’ (Chap. I), 
and BP? =(x'+5)?+y, 
But AP*+ BP?=62, 
ot. (wv — 5)? +-y2 + (a’ +5)? 4-4/2 = 62, 
atone eataaf = 6. 


The locus of P=(a’, y’) is the circle whose equation is ay? = 6. 
The centre is O and the radius is ,/6 units, or approx. 2:45 units, 
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Il. The circle a? +y?=a* divides the plane of the axes into 
two regions, such that the expression x®+y%—a® has opposite 
signs for points within and points with- 
out the corele. 

Let P=(z’, y') be a point in the 
plane of the circle. 

anen. . £7-+4'2=0P%: 

Now if P is within the circle OP is 
less than the radius, and if P is without 
the circle OP is greater than the radius. 

Hence 2’? +42 — a? =OP? — a? is negative if P is inside, and 
positive if P is outside the circle. 

As O is a point within the circle we can compare the result 
of substituting the co-ordinates of the origin in the expression 
x + y*—a*, with that obtained on substituting those of any 
point in question. 


Exampie.—Are the points (2, 1) and (5, - 3) within or without the 
crrcle .x* +-y*=6? 
(i.) When #=0 and y=0 then x?-+y? -6= -6. 
(ii.) When x=2 and y=1 then #?+y4?-6= -1. 
(iii.) When «=5 and y=3 then w?+y?-6= 28. 
Hence (2, 1) is inside and (5, —3) outside the circle, since the 
origin is within. 


III. Intersections of a straight line and a circle. 

Exameie 1.—By drawing the circle «?+y?=5 (i.e., y= + /5 — 2?) 
and the straight line +-y=3 (i.e., y=3 — x) find where they intersect. 
Toe ease _ zy re S | nasi = ma a | 
eps Pee et Of use(s | 
gi} 6) .5{ 4/3) 2/119] 


Y=3-2. 


We see that the straight line and circle intersect at the points 
(1, 2) and (2, 1). (Diagram 2 ) 

These points must therefore appear in the graph table of each, 
as on inspection we find they do. 

Hence the co-ordinates of the points of intersection of the straight 
line and the circle, are the values of x and y which satisfy both their 
equations. 
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Verification by solving the equations 


vtyt=5 : : : ee) 
and a +y =3 = Ray (24 
From (2) we have Y=3—&. 


Substitute this value of y in (1). 
. w+(3-x)2=5, 
.. #2 -37+2=0, 
-% (x -1) (w-2)=0. 
ee == LeORees 
.» y=2 or 1 (using equation 2). 


DIAGRAM 2. 


ExameLe 2.—By drawing the graphs of their equations, find where 
the straight line y=2x-+-5 cuts the circle x?+y?=5. 
The circle was drawn for last example. (See Diagram 2.) 
es @ | -3 |)=2) -17 0/172) 
y=2e+5. eae eae 
Te a ARE RE 
This straight line is shown in the same diagram. 
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We see that the straight line is the tangent to the circle at the 
point (—2, 1). This point appears in the graph chart of both the 
straight line and the circle. 

Verification by solving their equations :— 

As before the co-ordinates of their points of intersection will be 
the values of x and y which satisfy both their equations. 

Solve then the equations 

eyez =b |. s , nL) 
and y=2%+5 . : : oe 2): 
Substitute in (1) the value of y in (2). 
2. @+(27+5)?=5, 
» w+4da+4=0, 
.» (w+2)?=0. 

Thus both values of x are equal, being each - 2. 

Equation (2) gives the corresponding values of y as each +1. 

The straight line therefore cuts the circle in two points co- 
incident with (-2, 1). This is in conformity with the geometrical 
definition of a tangent. 

Examepte 3.—Find by drawing them, where the straight line 
y= -3x-+8 cuts the circle of last two examples. 
w| -2| -1/0| 1/2] 
y| 14 11/8 [5/2 | 

The straight line does not cut the circle. 

Verification by solving their equations :-— 

As before we obtain their points of intersection by solving the 
equations 


y= -3x+8. (See Diagram 2.) 


pore tea? By tapi ie ; ‘Ag(h); 
and y=-3x+8 . , ; suncz))s 


Substitute from (2) in (1) 
.. w+(-32+8)?=5, 
.» 10x? - 48” +59=0, 
48+ ,/-56 
oe 2120 

Now ,/—56 is unreal, therefore the roots of the equation 
10x? — 48~+59=0 are imaginary. 

The two graphs have therefore no common points in the ordinary 
geometrical sense, but to preserve continuity of statement we say 
that the straight line cuts the circle in two imaginary points, which 
is the geometrical equivalent of the statement that the roots of the 
equation 10x? - 48%-+59=0 are unreal. 

(Summarising the results of these three examples we conclude 
that a straight line cuts a circle in two points real (Example 1), 
coincident (Example 2), or imaginary (Example 3), 
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IV. A straight line cuts a circle in two points, real, coincident, 
or imaginary. 
Let the equation to the circle be 


a+ y2=a? . F : pope bi 
and that of the straight line be 
y=mer+b . z : rehoe 


Their points of intersection will be obtained by solving their 
equations, just as in the case of two straight lines. 

Substitute from (2) in (1) for y, 

02+ (ma +b)? =a?, 
2. 02+ ma? + 2bma + 6? = a2, 
*, (1+ m?)a? + 2bma + (b2-a?)=0 . , (3). 

This is a quadratic equation giving the abscissae of the 
points of intersection. 

The corresponding values of the ordinates are found by 

substituting in equation (2) the values of x found in (8). 

There are therefore two points of intersection corresponding 
to the two values of x found in equation (3). 

As the two roots of equation (3) may be real, coincident, or 
imaginary, it follows that the two points of intersection may 
be real, coincident (tangent), or imaginary. 

ExameLe 1.—Find where the straight line 3x- a 12 cuts the 


circle x+y? =30. 
We alte the equations 


x+y? =30 : : 5 (abe 

and 3a-+-4y = 12 : : (2); 
Write (2) thus y= ae ae, 
Then substitute for y in (1) 

sich ely 
BAS Tae = 30, 
Whence 25x? — 72x — 236=0. 
*, ©=4-80 or — 1-92 (approx.) 

By (2) y= —:60 or 4:44 (approx.). 


The points of intersection are (4-80, — -60) and ( — 1-92, 4-44). 
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EXAMPLE 2.—Prove that the straight line 2a-5y=29 touches the 
circle x+y? =29. 
We must show that the two solutions to the equations 
v+y2=29 . : ; ome) 5 
and 2%-5y=29 . ‘ : 2) 
are coincident. 
For variety we shall eliminate 2. 


Write (2) thus ee doa 
Substitute for x in (1) 
sy 2 
— eee +y? = 29, 


Whence on simplifying and dividing out 29 we have 


y®+10y+25=0. 
-. (y+5)?=0. 


Thus the ordinates of both points of intersection are — 5. 
From equation (2) the abscissae of both the points are 2. 
The straight line therefore cuts the circle in two points coincident 
with (2, — 5), or in other words is the tangent there. ¢ 
V. If P=(a, y) w-a point on the circle a2+y%=a? then 
x=a cos 0 and y=a sin O where 0=XOP. 
_ From the figure we have 
ON =OP cos 6 and NP=OP sin 6, 
. 2=a cos 6 and y=a sin 0. 
Note.—a cos 6 and a sin @ are 
usually called the polar co-ordinates 
of P. The angle @ is called a vec- 
torial angle. 


ExAmPeE 1.—Find the polar co-ordinates of the point @ ( — 1-6, 1-2) 
on the circle x*-+-y? =4 (see last figure). 


We have tan 6=tan XOQ= - ‘ee — 75. 
PO AGS. 


But r=2. 
.. Q=(2 cos 148° 8’, 2 sin 148° 8”). 


ExameLe 2.—Any diameter PQ of the circle a*+-y?=9 is drawn. 
From its ends perpendiculars are drawn to the line 3x-+-2y4-12=0. 
Prove that their sum is constant. 


Let XOP = 0. 
.. P=(3 cos 6, 3 sin 6) and Q=(-—3 cos #, -3 sin 6). 
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If p, and p, be the lengths of the 
perpendiculars, then 


a, cos +6 sin 6-+12 


Pi nit (Chap. IV.), 
-9 cos @-—6sin 6+12 
d = — : 
BES ee V13 
24 F 
.. Py t+P2=—j—s =constant for all posi- 
V13 
tions of PQ. 


VI. The following properties of quadratic equations will be 
used hereafter. ; 
If x, and x, are the roots of the equation 
au +bxe+e=0, 


Qasr 


then (1) Ly +L, = a 


and (2) 24%, = 


If the roots are equal, then 
(3) b=4ae. 


Examete 1.—The straight line y=x-+1 cuts the circle 22+y2=6 
in two points P and Q. Perpendiculars PM and QN are drawn from 
P and Q to XX’. Prove that OM-ON =2:5. 

The straight line y=a-+-1 cuts the circle 2?+-y?=6 in two points 
whose abscissae are given by the 
equation 

xv? +(x+1)?=6. 
.. 2u27+2¢ -5=0. 

Let x, and a, be the roots of 
this equation. 

Then Uy = — §. 

(Property (2) quoted above.) 

Hence OM-ON =2:5. 


ExampiE 2.—In last example find the mid-point of Py. 
Let P=(a, ¥1), V=(X2, Yg), and the mid-point R=(z’, y’). 


Then eye s "2 and y’ =“ ae (Chap. I.). 


Now the abscissae of P and Q are obtained from the equation 
2Qu2+4+2x —-5=0 of last example. 
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By property (1) of quadratic equations we have 


%+%= —1. 
Spat Mata = 3. 
2 


We can find y’ by eliminating x between the two equations, and 
going through work similar to that for obtaining «’ ; or we may use 
the fact that (x’, y’) lies on the line PQ. Hence from its equation 
y=2%-+1 we have when x= —4, y=}. 

The mid-point therefore is (- 4, 4). 


ExamPLe 3.—Find the co-ordinates of the mid-point of the chord 
cut off from the straight line y=ma-+b by the circle x? -+-y?=a?. 

Let P=(a, y,;) and Q=(z5, y2) be the extremities of the chord. 

Let R=(z’, y*) be the mid-point of PQ. 

By eliminating y between the two equations we obtain a quadratic, 
giving the abscissae of P and Q the points of intersection of the line 
and the circle. 

We have x? 4 (ma-+b)*=a?. 


Whence (1+ m?)a?+2bma+(b?-a?)=0. (See Art. IV.) 
Now 2, and x, are the roots of this equation 


2bm ‘ : 
*, Ly+M%,= — Tim (Property (1) of quadratic equations. ) 
py hy bm 
See fart wk Eat 
But (2’, y’) lies on the line y=max-+b. 
 y =me +0. 
, bm? 
aoe tees 
re. 
~ l+m” 


bm b 
o's R=( = 1m? rom) 


VII. MISCELLANEOUS EXAMPLES 


» Exameue 1.—A and B are two fixed points such that AB=6 units. 
PN is perpendicular to AB. P moves so that PN?=AN:NB, Find 
the locus of P. 

Take AB as axis of x and its right bisector as axis of y. Then 
A=(8, 0) and B=(-3, 0). 


i 
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Y Let P=(a, y). 
Since PN?=AN-NB. 
Pray) .. PN?=(0A - ON) (OB+ON) 
=0A* - ON? (since OB=O4A). 
B na * ya — 2 


 @+y?=9, 
The locus of P is a circle with centre O’and 
a radius of 3 units. 


Exampie 2.—A variable line of constant length c units cuts the 
axes at PandQ. Find the locus of the mid-point of PQ. 
Let P=(p, 0), Q=(0, g), and & the mid-point of PQ=(z, y). 


Then by af and y= ‘. y 
That is, p=2a and q=2y. 3 
But OP? + 0Q? = PQ?, R 
or pi+q=e 
4a? + dy? = 0? F, x 
2° 
ae 


The locus of R is a circle whose centre is O and whose radius is 


5 units in length. 
. Exampin 3.—A circle having O as centre is described so as to touch 
the straight line y=4x-+-3. Find the length of its radius. 

Let the length of the radius be r units. 

(i.) Then the equation to the circle will be a-+-y?=7°. 

The straight line y=4¢+3 cuts the circle at two points whose 
abscissae are given by the equation 

e+ (4a+3)2=72, 
whence 5u?+-12a-+-(36 — 4r2) =0. 

Now the roots of this equation are equal since the line touches 
the circle, therefore by Article VI., Property 3 of quadratic equations, 
we have 

144 = 20(36 — 47), 
Nettie 
ra TB 
= 2-68 nearly. 

(ii.) We could also proceed thus. The perpendicular from the 
centre of a circle to a tangent is the radius to the point of contact. 
cuit 


6 sues 
oc viel Ay Ta V7-2 as before. (See Chap. IV.) 
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Exampte 4.—Prove that two tangents of gradient % can be drawn 


to the circle x?+y?=6. 
Let the equation to any tangent of gradient 3 be 


y=2xe+b (Chap. III.). 
Then the line y=2x%-+5 cuts the circle at points whose abscissae 
are given by 27+ (2%+b)?=6. 
. +4924 tha +b? -6=0. 
. 132?-+ 1262+ 9(b? - 6) =0. 
But the line is a tangent, therefore the roots of this equation are 


equal, 
.. 1446? = 468(6?- 6) (Art. V.). 


78 
sy ie ae 
e0°= 9 
Hence b may have one of two values ae . or - o 


The lines drawn through the points (0, + 4 and ( ote at 


having a gradient 3 will touch the given circle. 


Their equations are Y= ae 4+ ee 
and y= 5e- fed 


ExampLe 5.—Prove that two tangents can be drawn to the circle 
a? +y*?=4 through the point (5, 3), and find their slopes. 
Let the equation to any tangent through the point (5, 3) be 
y=mae+b. 
Sey 5 i ne? On 8 18 
To find the point of contact we solve the equations 
a+ y= 4 
and y=ma-+b. 
We have xu? -+(ma+b)? =4. 
. (L+m?)x? + 2bma-+-(b? — 4) =0. 
The roots must be equal 
.*. 462m? = 4(1 +m?) (6? - 4). 
Divide out 4 and simplify. 
.. 4m? — b?-++4=0, 
But by (1) b=3- 5m. 
.. 4m? — (3 - 5m)?+4=0. 
-. 21m? — 30m-+5=0. 
*. mM=1-2359 or +1926 (approx.). 
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These are the possible gradients of the tangent. 
From this we see that we can draw two tangents to the circle 
through the point (5, 3). 
The gradient of one is 1-2359 and of the other -1926. 
Hence we have tan y =1-2359 or -1926. 
The slopes of the tangents are 51° 1’ and 10° 54’. 


« Examere 6.—Find the locus of the mid-points of a system of parallel 
chords of a circle. 
Let the equation to the 
circle be 
2 +y? =«a?. 


Since the chords of the circle 
are parallel they will all have 
the same gradient. 

Let it be k. . 

Let R=(x’, y’) be the mid- 
point of any chord of the 
system PQ whose equation will 
therefore be 


y=kx-+-¢q. 
Now we showed in Art. VI., Example 3, that the mid-point of 
’ qk gq 
PQ 1s (-,4) rp): 
,_ __ 9 pe Mold 
Hence c= 1+ and Y= 1+k 


Between these two expressions we can eliminate g, a variable 
depending on which chord of the system is drawn. 


es qg 
We have b -TLe 
lemice 


The locus of R=(z’, y’) is the straight line through the origin 
which is the graph of the equation y= - x. 

It is perpendicular to the system of chords, whose gradient is k, 
since k x — i= —I (Chap. IIT), 


Examp.e 7.—I/ from the centre of a circle a perpendicular be drawn 
to a chord, it bisects the chord. 


Take the circle and chord PQ of last example. 

Then as before 

R= ( Tc iat tn) 
1+k? 1+%2 
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Since the equation to PQ is y=kx+4q, that of the line through O 


perpendicular to it is y= — x. 


Solve these equations to find the point of intersection. 


We have ~faaketg. 
me Be 
v= 5 ie 
1 
y= = k Xe 
Pkg 
+k 
The point of intersection is ( = op a) and is therefore the 
mid-point R. 


» Exampie 8.—Find the locus of the intersection of tangents to a 
circle which are at right angles to one another. 
Let PQ and PR be perpendicular tangents to 


the circle 2?+-y?=a?. g 
Let P=(w’, y’). : 
Let y=m«x-+b6 be the equation to one of the ie 
tangents. 
oY =m Ebb. mee (E R 


Solving the equations z?+y?=a?andy=ma+b 
in order to find the intersections of the line and circle we have, as 
in Article IV., 
; (1+-m?)a? +-2bma-+ (b? - a?) =0. 
The roots of this equation are equal since the line is a tangent, 
.. 462m? =4(1+m?) (62?-a?) (Art. VI.). 
Divide out 4 and simplify. 
.. 6? -a* -a?m*=0. 
But by (1) b=y’ - m2’. 
oe (y’ — me’)? - a - am? =0. 
Whence (a? — a?)\m? - 2ma'y’-+(y"-a?)=0 . (2): 
This equation gives the gradients m, and m, of the two tangents 
drawn from P to the circle (compare Example 4), and since these 
are at right angles 
: <1) M4M_= —1 (Chap. IIT.). 
But the equation (2) gives 


12 _ g2 


WE AS. G3 


(Art. VI.). 
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yf? — a2 
mre a) ax a2 
1. 0/2 + 2 = 2a? 

The locus of P is the circle a?-+-y?=2a*. 


eds 


RESUME 
1. The equation x? + y2=a? represents a circle whose centre 
is 0 and whose radius is @ units. 
Corollary.—a? + y2=0 is the equation to a point circle at 
the origin. , 
2. The expression «+ 7?—a? is negative for points within, 
and positive for points without the circle 2? + y?=a?. 
3. To obtain the intersections of a line and a circle, solve 
their equations. 
4. If the solutions are coincident the line is a tangent. 
5. «=a cos 6 and y=a sin @ are the polar co-ordinates of 
a point P on the circle a? + y? =a?, where 6 = XOP. This angle 
is called the vectorial angle of the point P. 
6. If x, and w, are the roots of the quadratic equation 
av +ba+c=0, 
then (1) a+m=-2, 
(2) 242% =". 
If the roots are equal, then 
(3) b%=4ac. 


HXAMPLES 


1, Write down the equations to the circles whose centres are the 
origin and radii 1, 3, and 7 units respectively. 

2. What is the length of the radius of the circle 22+-y?=16? 

3. Draw the circle whose equation is x?+y?=13. 


4, Calculate to two places of decimals the radius of the circle 
5a? 5y? = 22, 
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5. AB is a fixed straight line 6 units in length. P is a variable 
point such that PA?--PB2= AB, Find its locus. 


6. A variable straight line cuts the axes at P and Q so that PQ is 
always 10 units in length. Find the locus of the mid-point of PQ. 
(See Art. VII. Ex. 2.) 


7. Where does the straight line y = 2x+-1 cut the circle x?-+-y?=10? 
Verify the results graphically. 

8. Prove that the line y=3zx — 10 touches the circle of last example 
at the point (3, -1). Show this on squared paper. 

9. Prove that the line 2x+3y=13 touches the circle 2?+-y?=13 
at the point (2, 3). Show this graphically. 

Prove also that the line through the centre perpendicular to the 
given one passes through the point of contact. 


10. Find the mid-point of the chord cut off from the line x =2y - 4 
by the circle -a?+y4?=15. 

11. Find the mid-point of the chord cut off by the circle z?+y?= 36 
from the line 5%+2y=10. Verify the result by graphs. 


12. Prove that the line 4%+3y=24 does not cut the circle 
v*+y?=4, Draw the graphs. 

13. The straight line «=2y+c touches the circle 2?+y?=5, 
What values can c have ? 

14. Find the slopes of the tangents drawn from the point (0, 4) 
to the circle 2?+y?=6. a 

15. Prove that two tangents can be drawn from a point P to a 


circle. 
(Hint.—Take the diameter through P as axis of y.) 


16. A and B are fixed points 10 units apart. P is a variable point 
such that’PA is perpendicular to PB. Find the locus of P. (See 
Ex. 3 Art. I.) 

17. A circle of variable radius and given centre O cuts the axes 
at P and Q. Prove that the locus of the mid-point of PQ is a line 
through O. 


18. A circle having the origin as centre touches the line 
x—3y+6=0. Find its radius. (Art. VII. Ex. 3.) 


19. Find the radii of the circles whose centres are at O and 
which touch (i.) the lime y=ma-+6 and (ii.) the line la-+-my+n=0. 

20. From a variable point P perpendiculars PN and PWM are 
drawn. to the axes. If the diagonal MN of the rectangle ON PM is 
always 4 units in length, prove that the locus of P is a circle with O 
as centre. P 

21. A point moves so that the square of the sum of its co-ordinates 
is.equal to a given square plus twice the rectangle contained by its 
co-ordinates. Find its locus. 
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22. A point moves so that the square of the difference of its 
co-ordinates plus twice the rectangle contained by them is equal to: 
a given square. Find its locus. 


23. A variable straight line cuts the axes at P and Q so that PQ 
is always 6 units in length. If the area of A OPQ is 2 sq. units, 
prove that the locus of the foot of the perpendicular from O to PQ 
is a circle. 

(Hint.—Work out the length of the perpendicular from O to PQ.) 

24. P is a point on the circle 22+y2=9 such that XOP=48°. 
Express the co-ordinates of P in polar form. (Art. V.) 


25. Show that the point (3, 4) lies on the circle v?+ y?=25, and 
express the co-ordinates in polar form. 

26. Show that the point (-15, 8) lies on the circle x?+-y?=289, 
and express the co-ordinates in polar form. 

. 27. Prove that the point (a cos 0, a sin @) lies on the circle 
ax?+y*=a? for all values of 0. 

28. P is any point on the circumference of a circle whose diameter 
is AB. Q and R& are the mid-points of PA and PB respectively. 
Find the locus of S, the mid-point of QR, taking AB = 2a and express- 
ing the co-ordinates of P in polar form. 


29. Any diameter of the circle 2-+-y?=a? is taken and from its 
ends perpendiculars are drawn to the line le+my+n=0. Prove 
that their sum is constant. (Art. V. Ex. 2.) 

30. Find the locus of the mid-points of a system of parallel 
chords of the circle 2?-+-y"=5, the slope being 185°. (Art. VII. Ex. 6.) 


31. A system of chords of the circle «?+-y?=8 has a gradient of 


- Find the locus of their mid-points. 


32. From the centre of the circle 2-+-y?=6 a perpendicular is 
drawn to the chord x+3y=10. Prove that the chord is bisected. 
(Art. VII. Ex. 7.) 

33. The mid-point of the chord cut off from the line 3x+-5y =6 
by the circle 2° +-y?=4 is joined to the centre. Prove that the join 
is perpendicular to the chord. 


34. Find the locus of the intersections of tangents to the circle 
a? ++ y? = 25 which are at right angles to one another. (Art. VII. Ex. 8.) 


35. Prove that if the straight line y= ma-+-b touches the eee 
a?-+-y? =a? then its equation can be written in the form 


y=maetanN1-+m, 


Use the result to find the slopes of the tangents drawn from the 
point (3, 5) to the circle ~*-+-y?=4. Verify the results by an accurate 
figure. (Art. VIL. Ex. 5.) 


ART. VII EXAMPLES 101 


36. AB is a given straight line whose mid-point is O. J is taken 
on OA so that ON=20A. A semicircle is described on AB having 
C as its highest point. A perpendicular is drawn to AB at N and 
meets BC at P. Prove that the circumference bisects NP. 


37. A and B are two fixed points. A variable point P moves so 
that PA*+ PB? is constant. Prove that the locus of P is a circle. 


38. Through a given point B any two chords of a circle, at right 
angles to one another, are drawn. P and Q are the mid-points of 
the chords. Prove that the mid-point of PQ is fixed. 

(Hint.—Take B on the y-axis.) 


39. The point (1, — 4) lies on a circle having O as centre. What 
is the equation to the circle ? 


40. The point (x, y,) lies on a circle whose centre is the origin. 
What is the equation to the circle ? 


41. Are the following points within or without the circle 
x+y? = 30 2— 
(1, 1), (2, 3), (-5, 6), (-4, -4), (-3, 1), (2, - 6). 
42. Find the length of the tangents from 
(1) the point (4, 3) to the circle 2?+y?=5. 
(2) the point (6, 4) to the circle 77-+y?=9, 
(3) the point (0, —7) to the circle 2?+y?=16, 
(4) the point (-—5, 8) to the circle #7+y?=40. 
43. A square ABCD is inscribed in a circle. 
P is any point on the circumference. 


Prove that PA?+ PB?+ PC?+ PD?=twice the square on the 
diameter. 


44, The graph of a?+y?+297+2fy+c=0 cuts the x-axis at P 
and @ and the y-axis at R and 8. Prove by the help of Art. VI. 
Prop. 2, that P, Q, & and S are concyclic. 


45. ABCDisa square. From a variable point P perpendiculars 
PK, PL, and PM are drawn to BC, CD, and DB respectively. If 
PM*=PK-PL prove that the locus of P is a circle with centre A 
and radius AB. 

(Hints.—Obtain the equation to BD from “Intercept Form.” 
Let P=(v’, y’) and express PK and PL in terms of x’, y’ and the 
side of the square.) 


CHAPTER VI 
CHORDS, TANGENTS, AND NORMALS TO A CIRCLE 


I. Find the gradient of the Vine joining two points (a1, yy) and 
(a, Ya) on the circle x2 + y?=a?, ; 
Y Let P=(a%, yy) and Y= (2g, Ye). 
Pray) Then the gradient of PQ is 
Yi~ Ya 
QG2) Ly — Lo (Chap. TES), 
But since P and Q lie on the circle, 
ot? +9? =a, 
and Lo? + Yo? = a2, 
Subtract .°. (a? — a2) + (y,? — yo”) =0, 
+ (Ya— Yo)(Ya + Yo) = — (@y — %q)(% + Wo), 
es daa: FMM Marg 
“"&y—H, Ya + Ye 


Hence the gradient of the chord PQ is ee 
Yit Ye 
Note—The formula fits also gives the gradient, but 
1— % 


that just found has a special advantage when dealing with the 
tangent, as we shall see. 


ExampieE 1.—Prove that the poinis (7, 6) and (9, 2) lie on the circle 
x? -+-y=85, and find the slope of their join. 
(i.) From the equation we have 
’ when w=7 then y= +6, 
and when «=9 then y= +2. 
102 
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Hence the points (7, 6) and (9, 2) lie on the circle. 


& eae 
(ii.) . tan y= “546 -2 (Art. I.) 


+ p=116° 74’. 


Exampie 2.—Find the slope of the line joining the points on the 


circle x*+-y2=9, whose vectorial angles are 20° and 50°. 
The points are (3 cos 20°, 3 sin 20°) and (3 cos 50°, 3 sin 50°), 


: _ 3 cos 20°+3 cos 50° | E 
. MODY — 5 5 a a BOOT Te (Art. cy, 


Bony bape 
We shall verify this result by mn the formula 
Y1— Yo. 
tan y= aE a9? 


3 sin 20° — 3 sin 50° 
ees ao ae 60% 


.*. W=125° as before. 


ExAaMeLe 3.—Find the locus of the mid-points of a system of 


parallel chords of the circle a?+-y=a?. (See Chap. V. Art. VII. Ex. 6). 
Let P=(a,, y;) and Q= = (2, Y) be the extremities of one chord of 


the system, and R=(z’, y’) be the mid-point of PQ. 
Let the gradient of the system of parallels be k. 


Then b= - eis) 
Yi Yo 


aim and 4 auth (Chap. I.), 


pie 


But 


/ 


. ory’ = - rake 
The locus of R=(a’, y’) is the straight line y= - ie It passes 
1 

through O and is perpendicular to the parallels, for k x - ics bs Ae 

Examee 4.—The straight line drawn from the centre O of a circle 
to the mid-point of a chord PQ is perpendicular to the chord. 

Let the equation to the circle be 

ae +y* =@a?, 
Let P=(21, yi), V=(#e, Ya) and # the mid-point of PQ=(wv’, y’). 
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Ly +X, YitY2 (1): 
7) 


Then a and y= : A ° 


The gradient of OR is Z, (Chap. IIL). 


The gradient of PQ= - ai aaz (present article) 
Wye 


x! 
Fite (by 1). 

Hence the product of the gradients is — 1. 

The lines are therefore perpendicular. 

II. Equation to the tangent at the point P=(2y, y,) on the 
circle a7 +4? =a?. 

The gradient of the line which passes through two points 
Ly + 2p 
Yat Yo 

Now if the line is a’ tangent the points (a,, y,) and (», yg) 
are coincident, so that v,=a, and y.= 43, 


(21, y;) and (x5, y,) on the circle is, by last article, — 


2 
*, the gradient of the tangent at (x,, 4,) = re 
1 


Hence the equation to the tangent is of the form 
y= — pate (Chap. III. Art. VIT.). 
1 


But (x, y,) is a point on the tangent, 


so tei 
w= on +b 
Fy thee 
‘, b=y,+—) Rpsd NOLES (since (a, y,) is on the circle), 
41 Yy Yy 
Jape a 
me Wy 
5 DE + YY = 0 : ‘ a 


This is the equation to the tangent at the point (a, 3). 
It is easily recalled, as we have merely to express the equation 
to the circle in full, thus, w+yy=a?, and then replace one 
x by x, and one y by y;. 
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Note-—It we had attempted to find the gradient of the 


tangent from the formula ee we would have failed, as 
1— % 
on putting y,=y, and 7,=2, the expression becomes = which 


is indeterminate. 


ExamP_e 1.—Find the slope of the tangent at the point (1-6, 1:2) on 
the circle x?+y?—=4, 
First we assure ourselves that the point does lie on the circle. 
We have when x=1-6 and y=1-2 
x? +-y? = (1-6)?+- (1-2)? =4. 
The point is therefore on the circle, 


1: 
*. tan y= - i6 = — 1-3333 (approx.) (by formula (1) of this article), 


1-2 
.*. ~=126° 52’ (nearly). 
EXAMPLE 2.—Find the equation to the tangent at the point (2, 5) on 
the circle x*+-y?=29, 
From the equation to the circle we have 
y?=25 when #=2, 
Oe 32) =a 
Hence the point (2, 5) is on the circle. 
The equation to a tangent is 
tty + yy, =a. 
In this case 7,=2 and y,=5 and a?=29, 
. 2e+5y =29 
is the equation required. 


EXAMPLE 3.—What ts the equation of the tangent to the circle 
x*+y?=13 at the point (3, —4)? 

We must as usual test whether the point is really on the circle. 

When “a=3 and y= —4, 
then v?+y2=9+16=25. 

Hence the point does not lie on the circle. There can therefore 
be no tangent at the point. 


ExamPLe 4.—Find the equations to the tangents at the points where 
the straight line x=5 cuts the circle x*?+y?=34, and prove that they 
intersect on the x-axis. 

When w=) then 42=9, 

Refi aaee. 

The straight line x=5 therefore cuts the circle at the points 

(5, 3) and (5, — 3). 
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The equations of the tangents at these points are 
5¢+3y=34, 
and 5x - 3y=34. 
The solutions of these equations are =6-8 and y=0. 
Hence the tangents intersect on the x-axis at the point (6-8, 0). 


Exampce 5.—T he tangent at a point P on the circle a? +-y =a? cuts 
XX’ at A. N is the foot of the ordinate of P. 
Prove that OA‘ON =OP?. 


y Let P=(2, y)- 
Then the tangent at P is 
aay +b Yyy, =e. 
At A,y=0. The correspond- 
ing value of «, derived from the 


ake! 
X equation to the tangent is ‘a> 
1 


az 
oe OA [ON 
.. OA: ON=OP*. 


Exame.e 6.—The tangent to the circle 2*-+-y?=5 at the point P on 
the circumference, cuts the x-axis at A and the y-axis at B. Prove 


that o 43+ OR 5 
Let P=(«,,y,). The tangent at P is therefore the line wa,-+-yy,=5. 


5 5 
Hence A= (C, 0) and B= (0, at 
vy n 
ix 
AOA et and OB= aa 
wy Y4 


OR wed ea 4 Yr! 
'* 04?" OB 25 * 25 254.0 
Now 2?+y,°=5 since (2, y;) is a point on the circumference. 
aed LR 
: O42" OB 5 


Definition.—The perpendicular to a tangent at its point of 
contact with a curve is called the “‘ Normal to the curve at the 
point.” 


III. Equation of the normal to the circle a%+y%=a2 at the 
point P= (x1, y,) on tt. 
The equation to the tangent at P is 
Ly + YYy = a, 
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Therefore xy, — yx,=k is the equation to some line at right 
angles to the tangent (Chap. III.). 
If P=(a,, y,) lies on this line, then 


LyYy — Yk =k, 
a. H=0; 


Hence xy, — yx,=0 or = = is the equation to the normal. 
a 


1 
It passes through the origin. 
Corollary—The normal is the radius from the centre to 
the point of contact. 


ExameLe 1.—What is the equation of the normal to the circle 
u*+y"=5 at the point (2, 1)? 

Having verified as usual that the point is on the circle, the equa- 
tion to the normal is, by the work above, 


Beet 
* ~ =4 or eis 


Exampie 2.—In a cwele prove that the angle between two tangents 
is equal to the angle between the normals at their points of contact. 
Let the equation to the circle be 


“2 +y? =a’, 
Let the points of contact be 
P=(a, Y1) and Q=(x2, Yo). 
The gradients of the tangents at P and @ are - . and - —* re- 


spectively. (Art. II.) 1 Ws y 
The gradients of the corresponding normals are therefore es 
1 


and ve, 
If j is the angle between the tangents, then 


_ % , 


ee Yn Ye Sa =n { 
tan 6 = ee Fil tt + YsYo (Chap. IIT., last example). 
Y1Y2 


If ¢ is the angle between the normals, then 
Y1 Ye 
tan p= fo et 2) = *1Y2, 
YrY2 XX YiYo 
Lo 


Ce = De 
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IV. The chord of contact of the tangents from an eaternal 
point P to a circle. 


ExamPie 1.—From the point P=(5, 3) tangents PQ and PR are 
drawn to the circle x®-++y®=6. Prove that Q and R lie on the line 


Let Q=(a, y,) and R=(x2, Yo). 
If Q and R lie on the line 
5a-+ 3y = 6, then must 
§a,+3y,=6 . (1), 
and 5%,+3y,=6 . (2). 
Now the equation to the tangent 
at Q is xx,+yy,=6, and P=(5, 3) 
lies on it. 
.*. 5a, +3y,=6. 
Hence (1) is true. 
Again the. equation to the 
tangent at Ris w%.+yy2=6, and P lies on it also. 


-. 5% +3y, =6. 


Thus (2) is true also. 

Since, then, Q and # both lie on the line 5a+3y=6, this equation 
is that of the chord of contact of the two tangents from P to the 
circle. 


Exampue 2.—Find the equation to the chord of contact of the tangents 
from P3=(A, 6) to the circle x?+y?=8. 
Use the figure and conventions of last example. 
The tangent at Q is wx7,+yy,=3. 
Since P=(4, 6) lies on it, 
.*. 4a, + 6y, =3. 
Hence (x,, y,) is a point on the line 
: 4e+6y=3 . : ; mete) s 
The tangent at R is vv, +yy,=3. 
Since P=(4, 6) lies on it, 
-*. 4%, +6y2 = 3. 
Thus (a2, %») is also a point on the line 
4u+6y=3  . : ; smee)s 
As Q and # therefore both lie on the line 4x+6y=38, it follows 
that the equation is that of the chord of contact of the tangents 
from P to the circle. 


V. Find the equation of the chord of contact of the tangents 
from P=(a’, y’) to the circle a? + y?=a?. 

Use the figure of last article, and as before let Q=(a,, 4) 
and R=(2», Ys). 
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The equation of the tangent at Q is 
wt, + yy, =a. - 
P lies on this tangent, 
“00 +y’y, =a. 
Hence (,, ¥;) is a point on the line 
ee+y'y =a : : Sagled 54 
The equation of the tangent at R is 
P lies on it, are 
1 0 Lat ¥ Yo =a". 
Thus & is also a point on the line 
x'e + y'y =a? ; F wet): 


It follows that xx’ + yy’ =a? {see (1) and (2)} is the equation 
to the line which passes through the points Y and R. It is 
the equation of the chord of contact of the tangents from P 
to the circle. 

The similarity of this equation to that of the tangent at a 
point on the same circle has to be remarked. This might be 
expected, since the angle between the tangents becomes nearer 
and nearer a straight one as P approaches the circle. When, 
ultimately, P lies on the circle the tangents are in the same 
straight line, and coincide with the chord of contact. 

Whether the equation is that of the chord of contact of 
two tangents, or that of the tangent at a point on the circle, 
is easily determined. 

If ra’ +yy'=@ is the equation to a tangent, then must 
(x, y’) satisfy the equation to the circle on which it lies, that 
is to say, we must have 7+ y'*=a*. © 

If the equation is that of the chord of contact of tangents 
from (x’, y’) to the circle, then since (x’, y’) does not lie on the 
circle the co-ordinates cannot satisfy the equation of the circle. 

The process of writing down the equation to a chord of 
contact is the same as for a tangent. 
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Example 1.—Write down the equation to the chord of contact of 
tangents from the point (2, —5) to the circle x+y? =7. 
Here x’ =2 and y’= - 5. 
The required equation is therefore 
2u — by=7. 


Exame.e 2.—Find the points of contact of the tangents from the 
point ( — 8, 4) to the circle a +-y?=2. 

We shall attain our end if we find where the chord of contact 
cuts the circumference. ; 

The equation to the chord of contact is 


-3a+4y=2 . : : nae 
The equation to the circle is 
Y+y=2 . ; : » (2): 


Tf we solve equations (1) and (2) in the usual way, we have the 
following solutions : 
«| -85| —1-33 | 
Yj b4 oh eee | 
Exampie 3.—The chord of contact of tangents from P to a circle is 
perpendicular to the line joining P to the centre. 
Let the equation to the circle be 
a +y? =q? 
and P=(w’, 7’). 
The equation to the chord of contact of tangents from P is 


wx’ +yy’ =a. 
The gradient of the chord is therefore 
ae 1 
Pl j 5 : snl): 


The gradient of OP is ‘ 


Since the product of their gradients is —1, the two lines are 
perpendicular. 


»Examep.e 4,—Find the point of intersection of the tangents drawn at 
the extremities of the chord intercepted by the circle x*+-y2=9 on the 
line 2a%+-5y= 10. 

Let (x’, y’) be the point of intersection of the tangents. 

Their chord of contact is xa’+yy’=9. 

This line must therefore be identical with 2a+5y= 10. 

The respective intercepts of these lines on the two axes must be 


the same. 
9 : 
os aan 5 (w-intercepts) and a 2 (y-intercepts), 


.*. & =1-8 and y’=4.5, 
*. (x, y’)=(1-8, 4:5). 


ART. VI WORKED EXAMPLES 111 


VI. MISCELLANEOUS EXAMPLES 


_ Exampie 1.—Find the locus of the intersection of tangents to a 
circle, which are at right angles to one another. 

Let the equation to the circle be 

e+y=a’, 

Then wa,+yy,=a and xy,-yx,=a" are the equations to two 
tangents, the first at the point (x, y,), and the second at the point 
(y;, —%). They are at right angles, since the coefficients of x and y 
are interchanged in the equations, and the sign of one of them 
reversed (Chap. III). 

Let (x’, y’) be the point of intersection of the tangents. 

OE, +¥ yy =O. ; : etl 
and ay, — y’%,=a? 5 ; (2) s 
Square both equations. 
26 2447 + ¥2y,? +2a'y'ay, = 04, 
and xy? 4-24," — 2x’y/ay, =a". 
Add these results. 
oe CaP ty?) ty (ay? +yy7) = 204 . . (3). 
But 2,?+-y,2=a? since (x, y;) is on the circle. 
Hence on dividing out a? from equation (3) we have 
ae’? 4 y/2 — 2a, 
The locus of (x’, y’) is the circle whose equation is 
xv?+-y2=2a%, (See Chap. V. Art. VII. Ex. 8). 


Exame.e 2.—P is a point on a circle. Through the centre a line 
is drawn parallel to the tangent at P and cutting the circumference at 
Q. Prove that the tangent at Q is perpendicular to the tangent at P. y 

Let the equation to the circle be 

a +y =a", 
Let P=(2;, 4) and Q= (Xa, Yo). 
The tangent at P is the line 
ay +-YYy = 0. 
The line through the origin parallel to this is 
Le,+yy,=9 (Chap. IIL). 
Since Q=(2», Yq) lies on this line, 
os oly +Yoy,=0. F : wl): 
Now the tangent at Q is xx,+-yy, =a". 
It is perpendicular to the tangent at P if 
LyX +YyYo=0 (Chap. III). 

This last result is true by (1). The tangents at P and Q are 

therefore perpendicular. 
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Exampur 3.—AB is a diameter of a circle. Tangents are drawn 
at Aand B. Any other tangent cuts these at Pand Q. Prove that PQ 
sublends a right angle at the centre of the circle. 

Let the equation to the circle be 

Q a as y = a, 

and that of PQ 


SP at + YY, =a. 
Bore At P x=a,.°. aa,+yy,=a". 
! ' pees 


Yn 
2 
Similarly a=( bad ae), 
ZA 
2 ee 
The gradient of OP pO lcs ON le (Chap. IIL). 
os Yr 
2 
The gradient of OQ is al ih 2 ag ok 
— OY, YW 


Product of the gradients 


Now 2,?+y,2=a?, since (a, y,) is the point of contact of the 
tangent. 
ey Oe ae 
Hence the product of the gradients is — 1. 
OP and OQ are therefore perpendicular. 


Examete 4.—T'angents to a system of concentric circles are drawn 
parallel to a given line. Find the locus of the points of contact. 
Take the common centre as origin, and let the equation of the 
given line be 
le+my+n=0. 
Let the radius of one of the circles be 7. 
Its equation will therefore be 
a +y 2 =r, 
Let (2, y,) be the point of contact of the taopene parallel to the 
given line. 
The equation to the tangent is 
way + YY = 0. 
It is parallel to the line lx-+-my-+-n=0 if 


T=" (Chap. II). 


The locus of (#, y,) is therefore the line r= y. 
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It passes through the origin and is perpendicular to la-+-my--n=0. 


ExameLeE 5.—The straight line Ilx+my+n=0 cuts the circle 
we +y=a° at A and B. Tangents are drawn at A and B. Find P 
their point of intersection. 

Let P=(z’, y’). 

The equation to the chord of contact of tangents from P is 

xx’ +yy’ =a*. 
This line must therefore be identical with lxz+my+n=0. 
The lines will therefore make the same intercepts on the axes. 


2 
:, <= -4 (x-intercepts), 
2 
and a -= (y-intercepts). 
2 2 
-_ and y = -—, 
pea Rt. atl ) 
. Pl, y)=(-S nye 


ExampLe 6.—A variable straight line is drawn through a fixed 
point (h, k) and cuts the circle x?+y?=a? at Pand Q. Find the locus 

of R, the intersection of the tangents at P and Q. 

Let R=(v’, y’). 

The chord of contact of tangents from BR is wx’ -+yy’ =a’. 

Since this line passes through (h, k). 

-*. ha’ +ky’ =a". 
The locus of R=(z’, y’) is the straight line ha+hy=a*. 
It is the chord of contact of tangents from (h, k) to the circle. 


RESUME 
1. If (%,, y,) and (a, yg) be two points on the circle 
5 iy Ae ee = 
a? +y?=a?, then the gradient of their join is ia eee 


Z. The equation to the tangent at the point (a, y,) is 
Cy + YY = OP 
3. The equation tothe normal at the point (, 4) is 
LY — Yt =9. 
4, The equation to the chord of contact of tangents drawn 
from a point (w’, y’) to the circle is 
aa’ + yy’ = a. 
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EXAMPLES 


1. Prove that the point (5, 2) lies on the circle 7?+y?=29, and 
write down the equation to the tangent at the point of contact. 


2. Write down the equation to the tangent at 
(i.) the point (3, 4) on the circle 2?+y?=25, 
(ii.) the point (- 2, 6) on the circle x?+y?=40, 
’ (iii.) the point (-4, — 5) on the circle a7+y?=41, 
(iv.) the point (1, - 7) on the circle 2-+-y?=50. 
Draw a squared-paper figure in the case of (i.). 


3. A circle with centre O passes through the point (-—1, 3). The 
tangent thereat cuts the axes at A and Bb. Find the area ‘of AOAB. 


4, What is the slope of the tangent at the point (- 3, 6) on the 
circle z?+y?=45 ? 

What is the slope of the normal at the same point ? 

5. What is the equation of the straight line through the origin 
which is parallel to the tangent at the point (2, —9) on the circle 
2°42 = 85 7 

6. Find the gradient of the tangent to the circle 2?+-y?=13 at 
the point (2, 3) from first principles, as in Articles I. and II. 


7. Write down the equation to the normal at the point (3, 8) 
on the circle x?+-y?=73. 


8. Find the locus of the mid-points of chords of the circle z+ 4? =8 
which are parallel to the line 27+5y=0. (Art. I. Ex. 3.) 

9. (6, 7) and (-—9, 2) are points on the circle #?+y?=85. Work 
out the gradient of the chord joining them by both the gradient 
formulae. (Art. L.) 


10. In last example prove that the line from the centre to the 
mid-point of the chord is perpendicular to the chord. 


11. A straight line cuts the axes at A and B. A circle having 
O as centre touches AB at P. PN is perpendicular to XX’. 
If OA-ON =12, find the equation to the circle. (Art. II. Ex. 5.) 


12. AB is a diameter of a circle. From A and B perpendiculars 
AP and BQ are drawn to any tangent. Prove that AP+BQ=AB. 


13. Write down the equation of the chord of contact of tangents 
from 
(i.) the point (5, 7) to the circle v+y?=2, 
(ii.) the point (8, —3) to the circle 2?+y?=4, 
(iii.) the point (—4, —6) to the circle 2?+y?=5. 
Work out the equation of (i.) ab initio, as in Art. IV. Ex. 2. 


14, From the point P=(38, 8) tangents are drawn to the circle 
x -+-y? =6, 
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(i.) Prove OP perpendicular to the chord of contact. 
(ii.) If OP cuts the chord of contact at Q, calculate OQ. 
(ii.) Prove OP-0Q=6. 

15. The straight line 2~+3y=6 cuts the circle 2?+-y?=25 at the 
points P and Q. Find the point of intersection of the tangents at 
PandQ. (Art. V. Ex. 4.) 

16. Find the point of intersection of the tangents at the extremi- 
ties of the chord cut off by the circle 2?-+y?=36 from the line 
x=3y+6. 

17. Find the points of contact of the tangents drawn from the 
point (5, — 4) to the circle 2?+y?=3. (Art. V. Ex. 2.) 

18. Find the points of contact of the tangents drawn from the 
point (10, 6) to the circle z?7+y?=8. 

19. A tangent to the circle 2?+y?=10 cuts the axes at A and B. 

1 1 1 
Prove OA2 + OB? = 10° 

20. Tangents are drawn from a point (x’, y’) to the circle 
z2+y?—a, OP cuts the chord of contact at Q. 

Prove (i.) OQ perpendicular to the chord of contact. 

(ii.) OP-0Q =a?. 

21. A variable straight line is drawn through the point (0, 3) and 
cuts the circle 2#+y?=12 at P and Q. Prove that the locus of the 
intersection of the tangents at P and Q is a line parallel to XX’. 

(Hint.—State the condition that the chord of contact of (2’, y’) 
passes through (0,3). See Art. VI. Ex. 6.) 

22. A tangent is drawn through the point (3, —1) to the circle 
e+y=a?, If its gradient is 4, find its point of contact. 


23. The tangent to a2+y2=a? at the point (2, y,) cuts the axes 
4 
at A and B. Prove that AOAB=9, 


24. Tangents PA and PB are drawn to a circle. Prove analytic- 
ally that the length of the perpendicular from A to PB is equal to 
the length of the perpendicular from B to PA. 

25. Prove that if the tangents at two points on a circle are 
perpendicular, then the lines joining the centre to the points are 
perpendicular also. 

26. Prove that the tangents to the circle «?+y?=a* at the 
extremities of the chord la+my=1 intersect at the point (la?, ma?). 
(Art. VI. Ex. 5.). 

Hence show that the locus of the intersections of tangents at the 
extremities of a system of parallel chords of a circle is the diameter 
perpendicular to the system. 


27. Chords of a circle are drawn through a given point. Prove 


116 EXAMPLES CHAP. VI 


that the tangents at their extremities intersect on a fixed line. 


(Art. VI. Ex. 6.) 


28. AB is a diameter of a circle. Tangents are drawn at A and 
B. These are cut by any other tangent at P and Q. Prove that 
PQ subtends a right angle at the centre. (Art. VI. Ex. 3.) 


29. If 6, and @, be the vectorial angles of two points on the 

circle #?-+-y?=a*, prove that their join is perpendicular to the line 
. 9,46, 

whose slope is mas 

30. AB is a diameter of a circle. A line through B cuts the circle 
at P and the tangent at A in Q. Prove that the tangent at P 
bisects AQ. 

(Hints—Take AB as axis of y, and the equation to the line through 
B in gradient form.) 

31. On the circle z?+-y?=a? the point Q=(y,, ,) is taken. QN 
and QM are drawn perpendicular to the axes. If P is a point on 


the tangent at (2, y,), prove that the square on the radius is double 
the area of the quadrilateral ONPM. 


CHAPTER VII 


1 ML, +N2e 
MORE ABOUT CO-ORDINATES: THE FORMULAE & ciate RRS 
MmMrn 
1_MYot NY, , 
y’ = —<=—_=**: THE FORMULAE %,=%,+7 cos y, 


M+ 
Yy=Y_+7 Sin Y¥: HARMONIC DIVISION 


I. Before dealing with the subjects of this chapter we 
again remind the reader of the importance of what we called 
the “sense”’ of a line. (Chap. I.) 

L uB 

The sense of a line is the distinction between LB and BL, 
as, for example, the journeys London to Bristol and Bristol to 
London. The differentiation is accomplished by marking 
LB + and BL -, or vice versa, according to the convenience.of 
the worker, but once the convention has been stated it must 
be rigorously observed. 


Il. A point P is taken on the line through two gwen points 
A=(%, ¥;) and B=(ae, Yq) so that AP: PB=m:n. Find the 
co-ordinates of P. y 

Let P=(z’, y’). 

Draw AK, BL, and PM 
perpendicular to XX’. 

Then by ordinary geo- 
metry 

KM AP _m 


ML~ PB™ 7’ 
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Gee piles) 
ae er see) 
8! — NL, =ML_ — Mx’, 
(M+ Nn) = Mx 4+ NX, 
1) _ Mig + Nd, 
Te 
Similarly, by drawing perpendiculars to the y-axis it can 
be shown that 


yf =e t 1, 
M+n 

Note.—These results are easily written down according to 

the following scheme. 
mn MN 7 
sat as ine Yi Yo 

The products in the numerators of the formulae follow the 
cross lines. 

Corollary 1—If the point P does not lie between A and B, 
but is external to them, then the reader can easily draw the 
necessary figure and verify that 

, ML, — NZ, 


i 


m—-—n 
SRL lan eee. 
m—n 
A B Pp 


(eae si i eer a ce rarer ere EES 


There is, however, no need to deal with this case separately, 
for we have only to note that the sezments AP and PB of the 
AP. ™ 
PB Ga and we have 
merely to replace n by —1 in the formulae. 

N.B.—We shall now use i, the Greek letter for 1 called “lambda.” 


Corollary 2.—If AP =A (4. 1) then the formulae modify to 


pen (i 
Nay + Hy Not Yr 
yl _— ae 


line now have opposite senses, so that 
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3 ,_ + Ady pe YerAYs 
that 1g, ie Ta and y Seat 


The distinction between ~ and 2 is merely that between 


4 and -8; that is to say, we may write 
APY. en bE gale 8 
Pee PB 
according to our convenience. 
Corollary 3.—If P is the mid-point of AB, then = (or A)= 
and the formulae become 
Ly 5 ee Be: 5 Yo. 


We have already found in Chapter I. the co-ordinates of 
the mid-point of AB. 


Definition of the external and internal division of a line—A 
line AB is said to be divided internally by a point P when P lies 
between A and B. It is said to be divided externally at P when 
P is on the part of the line not between A and B. 

R P Q 
A B 

In the figure P divides AB internally, while Q and R divide 
it externally. 

Examete 1.—Find the co-ordinates of the point which divides the 
join of (1, 2) and (5, 6) internally in the ratio 3: 4. 

(3 x5)+(4x1)_ 19 


/ 


= 344 An 
,_ (3 x6)+(4x2)_ 26 
4y 3+4 7 


ExamMeLE 2.—Find the co-ordinates of the point which divides the 
join of (1, 2) and (5, 6) externally in the ratio 3: 4. 
As the segments AP and PB are now oppositely directed, we 


must write a5 
Teo Et aX 1) 
RCS Sod 
(3 x6)-+(-4 x2) _ 
3-4 a 


-1l, 


and y’ = - 10. 
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The same results are obtained if we write the ratio as a . 


It is merely a question of agreement as to whether AP or PS is 
to be regarded as +. (See Art. I.) 


Exampte 3.—In what ratio is the line joining the points ( - 2, 3) 
and (6, 5) divided by the line 3x-+-4y=12? 
Suppose it is divided at («’, y’) in the ratio (m, n). 


, 6m -2n ,_5m+3n 
m+n m+n 
(6,5) Now (2’, y’) is a point on the line 
8a+4y=12. 
. 3(6m — ae), or, oer 
m+n m+n 
Whence 26m=6n, 
m 3 
aaa Ey 


The line is divided internally at the point (x’, y’) in the ratio ,°;. 


ExameLe 4.—Find. where the line joining the points (4, 2) and 
(10, 3) is intersected by the line 2a — 5y+4=0. 
Let the line joining the two points be divided at (x’, y’) in the 
ratio A: 1 by 24 - 5y+4=0. 
, 4+10r 
v= 
1+ 
But 2a’ - 5y’+4=0, 
_ 8+20A 10+15d 


boa PBN 


and y’ = Ton" 


Tok ele Tea", 
Whence 9 = - 2, 
see Meta 
The join of the two points is divided externally at (v’, y’) as 2: 9. 
Since =.- 4 
(ae Sr 4 AO 
2-8 
and y [2-37 
1 


The point of intersection is (1,5, 12). 


III. Definition.—If the straight line joining two points A and 
B is divided internally at P and externally at Q in the same ratio 
it is divided ‘‘harmonically.” P and Q are called ‘“‘harmonic 
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conjugates ” with respect to A and B, and are said to separate A 
and B harmonically. : 


A P B Q 
Thus if P and Q harmonically separate A and B, we have 
AP AD 
PES OR 


(AQ and QB are oppositely directed, hence the negative 
sign.) 

Corollary.—If P and Q harmonically separate A and B, then 
A and B harmonically separate P and Q. 


‘ arn Ae 
For since PB ~ OB’ 
oO. LAG 
re < AP 
QB QA 
Riipp vie igp 


Exampce 1.—A=(1, 1), P=(3, 7), and B=(6, 16) are points lying 
on the line y=3a-2. Find Q the harmonic conjugate of P with 
respect to A and B. 

Let Q=(z’, y’). 


Let P divide AB in the ratio =. 
Then @ divides AB in the ratio - <. 
Since P=(3, 7), 


. ° mm 
which gives rite | 


Hence Q divides AB in the ratio — 2, 
2X8) +(=3 x1) _ 
ant 225 Veta 
,_(2%16)+(-3x1)_ 


y =~ 3-3 — 29. 


. Q=(-9, —29). 
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EXxampne 2.—The straight line 3a-4y+12=0 cuts the awes at 
Aand B. P=(-1, 2-25) is taken on the line. Find Q tts harmonic 
conjugate with respect to A and B. 


Let Q=(2’, 7’). 
Let P divide AB in the ratio =. 


& 


Then Q divides AB in the ratio — - 
Since A=(- 4, 0) and B=(0, 3), we have, for the abscissa of P, 


which gives : Pegi 


Hence Q divides AB in the ratio - 2, 
ip (3 x0)+(-4x —1) 


= 3-1 ae 

,_(8x8)+(-1x0) 9 

ee ee 2" 
, Q=(2, 45), 


IV. We shall now have. occasion to use the following 
additional properties of quadratic equations. 

(i.) If the roots of the equation axz*+bx+e=0 are equal 
in value but opposite in sign, then b=0. 

For if b=0 the equation reduces to av?+c=0, whence 


meee es 
a 


(ii.) If a=0, then one root of the equation is infinite. 
If, in addition, b=0, then both roots are infinite. 


Let «= zy 
y 
b 
he = —~+e=0. 
We oe 
. cy2+ by+a=0. 
One root of this equation is zero when a=0, and both roots 
are zero if, in addition, b=0. 


; 1 
But since x <7 we see that when y=0, x=, so that if the 
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roots of cy?+by+a=O0 are zero, then those of az®+ba+e=0 
are infinite. 

' Hence one root of the equation az?+ba+c=0 is infinite 
if a=0, and both roots are infinite when a=b=0. 


V. Intersections of the straight line joining two points, and a 
circle whose centre is the origin. 


Examete 1.—IJn what ratio does the circle x? +-y? =9 divide the join 
of the points (1, 2) and (5, 5)? 
Let A=(5, 5) and B=(1, 2). 
Let the circle divide the 
straight line AB at a point 
(x’, y’) in the ratio : : 
, _5+2 * , 5+2n 
TEEN aN 
Now (2’, y’) is on the circle 
g+ty=9, 
B+A\2 , (5+2)\2 
Get ea 
wt. (G+A)?-++(5 +22)? = 9(1-+A)2, 
. 42-12-41 =0. 
.*. \=5-035, or — 2-035 (approx.). 
There are therefore two values of \, corresponding to the two 
points P and Q, in which AB cuts the circle, and we note that they 
are opposite in sign, showing that one point is within and the other 


without the circle. 
Tf d, and d, are the roots of the quadratic, then 


“. 2x 


7 ie AQ). 
PRT and op 
AP 

Very nearly, PB 5 and a =—2, 


Exame.e 2.—In what ratio does the circle 2°+y?=4 divide the 
join of the points (1:2, 1-6) and (5, —-6)? 
(i.) Let the circle divide the join in the ratio (A; 1) at the point 


(x’, y’). 
, 1:2+5r ; 
Then Sols (ies and y= (care 
Now 22+’? =4, since (2’, y’) is on the circle, 
(aes. C= ae 
1) 1+) 
.*. (1-2 + 5d)? +(1-6 — 6A)? = 4(1 -4-A)?, 
which gives 21-36? +2-08\ =0. 


> 
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\(21-36A +2-08) = 
2-08 
21:36 
The meaning of these results is easily seen from the diagram 
below. 


-. =0, or - 


HH rf | | 
TI PAH 
Suse Caseeceee 
Py 


We see that the point (1-2, 1-6) itself lies on the circle, so that the 
line can cut the circle in only one other point, 

A segment in one of the two ratios has been reduced to zero, and 
so we have a zero root in the quadratic equation. ‘To realise how 
a segment is reduced to zero, look back to the figure of last example 
and imagine A moved up to ’P, so. that AP becomes of length zero. 

(ii.) Let us take the ratio of the segments of the division to be 
(1: A) and see what happens. 

» _1:2A+5 ,_ 1:6\--6 

We have OF ECT and y et 


Since, as before, a?+-y'2=4, 


Ga) ese 

Bulent NEEI “<4 

liane OY +-(1-6 - -6)?=4(,-+1)2, 
+, 2:08 -+21-36=0. 
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Now we know that we ought to obtain a quadratic equation as a 
_ circle cuts a straight line at two points. 

It follows that the coefficient of \ must therefore be zero. That 
is to say, the full equation is 


OA? + 2-08\ + 21-36 =0. 
One root of the equation is therefore infinite. (Art. IV.) 
This is easily accounted for. 
The equation of method (i.) gives the ratio in the form ae (=0), 
causing the absolute term to disappear in the quadratic, while the 


equation of method (ii.) gives the ratio in the form se (=00 ), causing 


the coefficient of \* to disappear. 
The form of the quadratic equation giving the segments will 
therefore depend on whether we write (A: 1) or (1: X). 


Examete 3.—In what ratio is the line joining the points ( — 3, 4) 
and (7, —1) divided by the circle u?-+-y?=5?2 

Let the circle divide the join in the ratio (\: 1) at the point 
(2, y’). 


But 2? +4'2=5, 
ot (—3-+7A)? +-(4 —A)?=5(1+4A)2, 
whence 9d? —- 12)-+4=0, 
.*. (BA —2)?=0, 


Hence both values of ) are §. 
Since the roots of the equation are coincident it follows that the 
points of section must be coincident. The line is therefore a tangent 


to the circle. (See Diagram 2.) 


Exametn 4,—In what ratio does the circle x?+-y2=5 divide the 
* line joining the points (-1, 2) and (-5, 0)? 

(i.) Let the circle cut the join in the ratio (A: 1) at a point (2, y’). 

‘ 7 zl =bN Ree eikce 

Then eee. YT 

But 2?+y'2=5, 

7. (—1-5d)?+(2)? =5(1+2)?, 

which gives \?=0. 


Hence both values of \ are zero. 
Now the point ( - 1, 2) lies on the circle, so that the line can cut the 
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DraGRam 2. 


Diagram 3. 
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circle again in one point only. This point must therefore coincide 
with (-1, 2), thus reducing both the segmental ratios to zero. 

The line therefore touches the circle at the point (1, 2). (Dia- 
gram 3. 

(ii.) Let us take the ratio of divisionfas (1: ). 

Then we ought to obtain a quadratic equation of the form 


OA? +0A+c=0, 


that is, c=0. ‘This must happen because the roots of the equation 

in last method were zero, so that those of the one we shall find must 

be o. The difference is that of obtaining the ratio in the form 
0 d AP 

AP an Te: 


We have a = —— and y= 


ah 
TEX Tes 


Since 2’2+-y’2=5, 
pg Se at ( 20 \2 
Slop Jutta) 
which gives, on simplifying, 20=0. 


Hence the coefficients of \* and \ must both be zero in the 

quadratic. In full the equation is 
O\? +0 +20 =0. 

Both roots are therefore infinite, so that two of the segments of 
division—the denominators in the ratios—are both zero; and since 
(1, 2) lies on the circle the other point of section must coincide with 
it, so that, as we saw before, the circle touches the line at the point 
(Ty2); 


VI. To express the co-ordinates of a point in terms of those of 
another point, the slope of the line joining them, and the distance 
between them. 

Let P=(x,, 1), V=(H2, Yo), 
and PQ=r. 

Then PL= PQ cos y. 

*, Zo — 2, =7 COB y, 
7. =a, +7 cos. — (1). 

Again, LQ= PQ sin y. 

+ Yo- Y=? sin ¥, 
“.Yg=yztrsiny - (2) 

These formulae are often of very great use in cases where 

the distance between two points is concerned. 
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Examere 1.—Through the point C=(2, 1) a straight line is drawn at 
a slope of 40°, so as to cut the circle whose centre is O and radius is 
4unitsat PandQ. Find the length 
of CP and of CQ. 

Let the straight line cut the 
circle at a point (x, y,) at a distance 
of r units from C. 

Then 

%,=2+7 cos 40°) (See formulae 
and y,=1+rsin40°/ just found.) 

The equation to the circle is 

xv?+y?= 16. 
< Since (a, y;) lies on it, 
.. (2-++7 cos 40°)?-++-(1-++r sin 40°)? = 16, 
.*. (cos? 40°-+ sin” 40°)r? +-2(2 cos 40°+-sin 40°)r —- 11 =0. 

Now cos? @-+-sin? @=1 for all values of @, as is shown in any book 

on trigonometry. 
ws 72 +2(2 cos 40° -+-sin 40°)r - 11=0, 
.. 7=1-8, or — 6-1 (approx.). 
Hence CP=1°8 units and CQ=6-1 units (nearly). 


The difference of sign in the values of r is due to the fact that 
CP and CQ are oppositely directed, that is, have opposite senses. 


Exampte 2.—Through a fixed point C any straight line is drawn 
cutting a circle at Pand Q. Prove CP-CQ constant. 

Let the centre of the circle be taken as origin, and let its radius 
be @ units in length. 

The equation to the circle is 


therefore 
+42 = a>. 
Let O=(h, k). is 
Let the slope of CQ be ¥, and sup- Qf 


pose that the line cuts the circle at a 
point (%, y,) at a distance of 7 units 
from C. 
Then 2#,=h-+r cos y, 
Yy=k-+r sin yp. 
But (2, yz) lies on the circle, 


2. @2+y2 =a, 
. (A-+-9r cos ~)?-+-(k-+r sin y)?=a2, 
-*, (cos? y+-sin? ¥)+2(h cos +k sin y)r+(h? +22 - a2) =0 
. +2(h cos y+k sin y)r-++ (h?-+22 - a?) =0. 
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If r, and 7, be the roots of this equation, then 
Tyr, =h? +]? - a, 
that is, CP:CQ=h? +k? - a? 
= constant. 


VII. MISCELLANEOUS EXAMPLES 


EXxaMPLe 1.—A straight line is drawn cutting the axes at A=(a, 0) 
4% 
and B=(0,b). The bisector of XOY meets 
ABatD. Prove AD: DB=OA: OB. 
Let OD cut AB at D so that 


AD: DB=d:1 50 (QD) 
Let D=(z’, y’). 
Then, since A=(a, 0) and B=(o, b), 
we have 
w=", and ¥=—n (Art. IL). 
Now the equation to OD is x=y (since XOD =45°), 
ee aes 
We ae EXO 
th wo as ee 
CE TEI ME 
OA AD 


*. OR=A= pp by (- 


ExameLe 2.—In last figure, if OF is perpendicular to AB, prove 
AE: EB=OA? : OB*. 
AE ere 
Let EB and let H=(x 2Y ). 
The equation to AB is 


< += did 


Then ~ ee 0 is the equation to a line through O perpendicular 


to AB (Chap III.). 
It is eae the equation to OH. 


and y’ = 


Now #’ = — and since (a’, y’) lies on OL, 


jee 
a rb 


LER) a(x)” 
+, a2 =Nb?, 
yee Az 
OB? ee EB) 


to 
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Examp.e 3.—OACB is a trapezium such that OA = (2c, 0), C=(c, c), 
and B=(o, c). Prove that its diagonals cut each other at a point of 
trisection. 

Let the diagonals intersect at D. 

Let D=(z’, y’), and let OD=)DC.'"' 

Then, since O=(0, 0) and C=(c, c), 


G pee Bass and 7’ = ag 
ee ES Naacies oral 
Now the equation to AB is 
ie 
detent 
or e+2y=2c, 
re 2c 
atts eo Ga ee 2c, 


which gives \=2. 
Hence OD=2D0. 
D is therefore a point of trisection on OC. 
Similarly, it can be shown to be a point of trisection on AB. 


Exame.e 4.—Find the centroid of the triangle whose veriices are 
the points A=(2,, y1), B=(xXq, Y2), and C=(X5, Ys). 

At the centroid of a triangle the medians are divided in the 
ratio 2:1. 

Let the centroid of the triangle in question be G=(2’, y’). Now 
the mid-point of the join of A=(a, y,) and B=(xp, y) is 


_ (Xr +% os) 
pa(b%, wih), 


Since G is the centroid of the triangle, 


. CG: GF=2: 1, 
X+X, 
? pees 2 _ %y +X +X5 
SS ree See 


Similarly, y= ee Te 


EXxamPte 5.—OACB is a rectangle such that A=(a, 0) and B=(o, b). 
P and Q are taken on AB so that AP=BQ. If OP cuts AC at R and 
OQ cuts BC at 8, prove AB parallel to RS. 

The gradient of AB is 


ee AN ae he 


Let AP: PB=m: n. 
Then AQ: QB=n:m, 


_[{ na mb ma nb 
i Gow =m) ae (aa ara) 
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The equation to OP is therefore 
ya ee (Chap. III). 


Now at R, which lies on OP, we 
have z=a, 
mb 
Y= an . . (2). 


Similarly, the equation to OQ is 


At S, which lies on OQ, we have y=0, 
ma 


a ai. ° . ° ° (3). 
Hence, by (2) and (3), 


* na(%®) on 2=(%,0), 


The gradient of RS is therefore 


7, (Chap. IIL) 


a-— 


nN . 
(m—1)b b 
Ree a.” 3 < - (4). 


Since, the gradients of AB and RS are equal, by results (1) and 
(4), these lines are therefore parallel. 


Examexe 6.—Iind the locus of the mid-points of a system of parallel 
chords of a circle. 
Let the equation to the circle be 
e+y=a, 
Let the slope of the system be y. 
Let R=(a’, y’) be the mid-point of 
one of the chords. 
Let the chord cut the circle at a 
point (x, y,)- 
.'5 %=2' +7 cos y, 
and y,=y' +r sin y. 
But a?+y/ =a, 
.*. (a +7 cos Y)?-+(y’ +r sin py)? =a?, 
.. (cos? y+sin? y)r?+2(x’ cos Y+7/ sin p)r+a?+y? - a? =0, 
.. P+2(x' cos ¥+y/’ sin p)r+a+y - a? =0. 


132 WORKED EXAMPLES CHAP. VII 


Now since & is the mid-point of the chord PQ, therefore RP and 
RQ are equal in length, but are oppositely directed. Hence the 
roots of the quadratic equation in r must be equal in value but 
opposite in sign. 

-. 2 cosy+y’ siny=0 (Art. IV.). 

Hence the locus of (a’, y’) is the straight line z cos y+y sin y=0. 

(See Chap. V. Art. VII. Ex. 6, and Chap. VI. Art. I. Ex. 3.) 


Exame.e 7.—The line joining the points A=(«, y,) and B= (xp, Yo) 
cuts the circle a2+y?=a? at Pand Q. Find the condition that P and 
Q shall harmonically separate A and B. 

Let the circle divide the join of AB at a point (x’, y’) in the 
ratio (\: 1). 


Then Co 


- Xy+AX, 
1+” 


, Yate 
1+’ 


and y 


But 22+ y%=a, 


2 (Mtr) F LL (Yr Aye\? 
a A yl oe) =a 
os (y+ Aa)? +(Y1 +AYs)” = a7(1 -+-A)?, 
we (a? Yq" — O°)? +-2( ayaa + YqYo — @)A+2;?+Yy,? - a? =0, 

Now P and Q harmonically separate A and B, hence the roots of 
this equation are equal in value but opposite in sign. 
5 MyX_+YyYo-a2=0° (Art. IV.), 
OF 24% +YyYo = a. 


RESUME 
1. If P=(2’, y’) divides the join of A =(a,, y,) and B=(Hp, Ys) 
in the ratio m:n, then 
‘— es : an and y’ = eC aul 
m+n 
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Corollary.—If the ratio is (A: 1), then 
1_@+Ade 1_ YtrYe 
AP er aay ae a 
2. If P divides AB internally and Q divides it externally in 
the same ratio, then P and Q “harmonically separate” A and B, 
and are called “harmonic conjugates ” with respect to A and B. 


eae AO AP AQ 


PR then ORS ae so that PB. OB 
Corollary.—A and B harmonically separate P and Q. 
3. If AB=r, and the slope of AB is y, 

then #,=2,+7 cos y, 

and y,=y,+7 sin y. 


EXAMPLES 


1. Plot on squared paper the points (2, 2) and (4, 6). 

Find from first principles (7.e. as in the theory of Art. IJ.) the 
co-ordinates of the point where the join is divided internally in the 
ratio 2: 3. 

2. The line joining the points (1, 3) and (5, 7) is divided internally 
at a point P in the ratio 3:5. Calculate the co-ordinates of P. 

3. The line joining the points (2, 3) and (4, 9) is divided externally 
at a point P in the ratio 3: 7. 

Find the co-ordinates of P. 

4, Find the points which divide the join of (-1, 2) and (3, 4) 
externally and internally in the ratio (4,1). Plot the system. 

5. In what ratio does the point (2, 6) divide the join of (- 2, 0) 
and (0, 3) ? 

6. In what ratio does the line 2x-+3y=6 cut the join of the points 
(-1, -3) and (2,4)? (Art. IT. Ex. 4.) 

7. In what ratio does the line 32-++5y+10=0 cut the join of the 
points (2, 3) and (5, 5) ? 

8. Prove that the join of the points (-2, —4) and (3, 8) is cut 
harmonically by the lines x+-y=2 and x«+y=18. 


9. Where does the join of the points (—7, 3) and (2, -3) cut the 
line 8a-—4y=35? Tind the point by the method of Art. Il. Hx. 4, 
and by working out the equation to the line through the given 


points. 
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10. A straight line cuts the axes at A and B. The bisector of 
XOY cuts it at C. Prove that AO: OB=OA: OB. 


11. In last example find D the harmonic conjugate of C with 
respect to A and B. 


12. ABCD is a rectangle. H is the mid-point of BC. Prove 
that AC cuts DH at a point of trisection. 


13. In what ratios does the circle z?-+-y?=25 cut the join of the 
points (- 2, 3) and (1, 6)? 

Draw a squared-paper diagram. 

14. In what ratios does the circle ~?+y?=6 cut the join of the 
points (2, 1) and (5, 3) ? 

15. In what ratios does the circle 2?+y?=13 cut the join of the 
points (2,3) and (1, - 4) ? 

Verify by drawing the graphs. 

16. In what ratios does the circle 27+-y?=10 cut the join of the 
points (1, 3) and (-2, 4) ? 

What do you conclude? (See Art. V. Ex. 4.) 

Draw a squared-paper diagram. 


17. Show by intersection ratios that the circle x?+y?=8 touches 
the join of the points (7, — 3) and (0, 4) at the point (2, 2). 

Draw a squared-paper diagram. 

18. Show that the circle 2?+-y?=5 touches the join of the points 
(1, -—38) and (5, 5). 

Draw a representation on squared paper. 


19. Prove that the circle 7+ y* = 20 divides the join of the points 
(4, 6) and (-1, 4) harmonically. Draw a diagram and verify by 
measurement. 


20. Prove that the circle 2*-+-y?=9 divides the join of the points 
(-1, 2) and (8, 6) harmonically. 
Verify by a diagram. 


21. Through the point P=(5, 2) a straight line of slope 32° is 
drawn. @ is a point 2 units further up the line. Work out the 
co-ordinates of @ by the method of Article VI. 


22. The slope of a line is 142° and P=(3, 4) is a point on it. 
Q is taken on the line at a distance of 3 units from P. Find the 
co-ordinates of Q. 


23. Through the point (4, 2) a system of straight lines is drawn 
whose members cut the circle #?-++-y?=25. 

Prove that the product of the segments is constant. (Art. VII. 
Ex. 2.) 


24. Through the point (-5, 3) any straight line is drawn cutting 
the circle 2?+-y?=16. Find the product of the segments. 
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25. ABC is a triangle such that A=(2,, y,), B=(x2, ye), and 
C=(a3, Yo). Assuming that the centroid of a triangle is such as to 
divide a median in the ratio 2: 1, find the centroid of A ABC. 


26. Hind the centroid of the triangle the equations to whose sides 
are y=0, 2x=y+4 and 37+y=21. 


a om the centroid of the triangle made by the axes and the 
line — +5 ail 


e Find the locus of the mid-points of the system of chords of 
the circle x7+y?=9, which are parallel to the line 2a = 5y. 


29. Find the locus of the mid-points of a system of chords of the 
circle x*-+-y* = 36, whose gradients are -8. 


30. Through the point C=(2, 4) a variable straight line is drawn 
cutting the axes at A and B. Prove that the locus of P the harmonic 
conjugate of C with respect to A and B is a straight line. 

(Hints—Take the equation to AB in intercept form. Let C 
divide AB as\:1. Then P will divide it as —\:1. Express the 
co-ordinates of C and P by the ratio formulae, and eliminate a, b, 
and 2.) 


CHAPTER VIII 


OTHER FORMS OF THE EQUATION TO A STRAIGHT LINE: 
CONCURRENCY AND COLLINEARITY 


I. Find the equation to the straight line of gradient m which 
passes through the pount (x4, Y). 

Let (x, y) be any point on the 
straight line. 

Then the gradient of the line 


ow 


through (a, 4) and (@, y) is —% 
(Chap. IIL), ; 


BME 
L— Ly 
YY =M (%— ay). 
Examen 1.—Write down the equation to the straight line which 


passes through the point (2, 5) and has a gradient of %. 
We have x, =2, y,=5, and m=%, 


oe Y- 5 =F8(x - 2). 
Whence 2a - 3y+11=0. 


? 


Exameite 2.—Find the equation to the straight line through the 
point (2,-3) which is parallel to the line 2x — 4y=3. 
The gradient of 2x-—4y=3 is 4. 
The gradient of the required line is therefore } also. (Chap. III.) 
Hence we have a, =2, y,= — 3, and m=3. 
oe y+3 = 3(x - 2), 
“. (= 2y=8. 


ExamPiE 3.—Find the equation to the straight line passing through 
the point (—4, 3) and perpendicular to x - 2y=8. 
Since the gradient of «-—2y=8 is $ therefore that of the required 
line is — ? (Chap. IIL). 
136 
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The required equation is therefore 
y-3= -2(«+4), 
.. 2e+y+5=0. 


II. Equation to a pencil of lines passing through a given 
point (2, 9). 

Consider the equation 

Y — Y= Ma — a4). 

It is evident that every time we assign a new value to m 
we obtain a different line. Nevertheless each one of these 
lines will pass through the point («,, ¥;). 

The system of lines we obtain by giving different values to 
m is called the “ pencil ” of lines having (z,, y,) as vertex, and 
m is called the “ parameter” of the system. 

The parameter is fixed for any one line, but varies from line 
to line. 


ExameLe 1.—Draw members of the pencil of lines whose vertex is 
at the point (2, 5). 

We have y-5=m/(x-2) as the equation to some line passing 
through the point (2, 5). 


(1) ketm= 1... y-6= I(vw—2).°. x= y+ 3=0. 
(2) Let m= %.:.y-5= 8(u-2).°. 8x-2Qy+ 4=0. 
(3) Let m= 4.:.y-5= 44-2) .*. 4¢-5y+17=0. 
(4) Let m= -%.°. y-5= -2(4-2) .-. 2a+3y-19=0. 


Gyiet m= 0 -ay—5=' O@—-2).°. y-5:= 0. 


In this way we can obtain an infinity of lines. 
The case when the slope is 90°, so that the gradient m (or tan 90°) 
is infinite, must be noticed. 


1 
We have Es (y-5)=a-2. 


Now when m is #, then = =0. 
=. &—2=0, 
The line 2 -2=0 is one of the system. (See Diagram 1.) 


Examein 2.—Interpret the equation y=ma-+b in the light of this 


article. 

We can write y-b=m(x-0). 

When m varies the equation is that of a pencil of lines whose 
vertex is (0, b). 
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PTs) 
| To | 


Diagram 1. 
III. Find the equation to the straight line which passes 
through the points (x, yy) and (2%, Yo). 
Let (x, y) be any other point on the line. 


Now the gradient of the line is van 9 (Chap. IT.). 
ia 
But we may also derive the gradient by considering the line 
as the join of (2, y) and (x,, y;). 


» yi => Y2 we 41 

"BW Ny — By 

each ratio measuring the gradient of the line. 
Last equation may be written 


I 


Yh tm 
ch Week ee aia 
The latter form is that in which the equation is usually 
quoted. 
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Examrie 1.—Find the equation to the straight line which passes 

through the points (1, 2) and (3, 5). 
We have 2,=1, 2,=3, y,=2, and y,=5, 
-l 


.. 82-2y+1=0. 
ExampLe 2.—Find the equation to the straight line joining the 
origin to the point (5, 8). 
We have 2,=0, y,=0, z,=5, and y,=8, 
(2 A ee 
“5-0 8-0 
or ~= 
5 
Compare this result with the method of Chapter II. 


IV. Collinearity of points. 


_ Exampte 1.—Find the condition that the three points (x1, y,), 
(a, Ya), and (x3, y,) may be collinear. 
The equation to the line through (a, y,) and (2%, yg) is 
SSE: Pe Aa 
Y2—Yy %2—-% 
Now if (x,, y,) is a point on this line, then 
(ae LR Raho 
Yo-Y1 %e— %y 
This is the condition sought. 
Thus we find the equation to the line through two of the points, 
and see if the co-ordinates of the third point satisfy it. 


Examrie 2.—Show that the points (-4, 1), (2, 4), and (6, 6) are 


collinear. 
The line joining the first two points is 
ES tay 
4-1 244 
Tf (6, 6) lies on this line then 


which is true, hence the three points ‘are collinear. 
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ExameLE 3.—C is a point in the plane of the axes. CA and CB 
are drawn perpendicular to XX’ and YY’ respectively. P is taken on 
OA and Q on BC 80 that OP=CQ. Prove that PQ passes through the 
intersection of the diagonals of the rectangle OACB. 

Let A=(a, 0), B=(o, b) and therefore C=(a, 6). 

Let OP=c, .. BQ=a-c. 


.. Q=(a-c, b). 
The diagonals intersect at D the mid- 
point of OC, 
i Pi @ a) 
we he eee 


The equation to the line joining P=(c, 0) and Q=(a—¢, b) is 


Ve CAEL). 
b a-c-c 
If D= G. 3) is a point on this line then 
b/2_a/2-c 
“b a-2c’ 


which is true, showing that the three points are collinear. 


V. Concurrent Lines—A number of lines are concurrent 
when they all pass through the same point. 

Hence if we wish to test whether 
three lines 1,4 +m y+n,=0, 

1a + May +N, =0, 

and 1,¢+msy+%=0 are concurrent, 
we have merely to find the point of 
intersection of any pair and see 
whether its co-ordinates satisfy the 
equation to the third. 


Exameite.—Show that the lines x«-2y=1, 3a-2y=11, and 
4x-+3y = 26 are concurrent. 

On solving the first two equations we obtain 

x=5 and y=2. 

If the point (5, 2) lies on the third line 4¢+8y=26, then must 
20+-6 = 26. 

This being true, it follows that all three lines pass through the 
point (5, 2). 
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EXAMPLE 2.—A straight line cuts the axes at A and B. Prove 
that the medians of triangle OAB are concurrent. 


Let A=(2a, 0), B=(o, 2b), so that 
H=(a, 0), D=(0, 6) and F=(q, 6). 


The equation to AD is 

cs ee 

ees 1 (Chap. IL.). 
The equation to BE is 


ee. 
atop) 
The eee to OF is 


= =e y (present Chap.). 


Solve the second and third equations. 


We have, on eliminating z, += 1. 


26 
J 3° 
a8 
- t= 5. 
2a 2b\.. nt Rone), 
The point ioe =) lies on the first line ans he if 
5 le 
if 3 tga 
a 2b 
Hence all three lines pass through the point € 3 


VI. Equation to a system of lines passing through the inter- 
section of two given lines. 
Take the lines x -2y—1=0 and 37-2y-11=0. 
On solving the equations we find that their point of inter- 
section is (5, 2). 
Consider now the equation 
(w-2y—1)+A(3x% —-2y-11)=0 . xt Ab) 
On collecting terms we have 
(1+3A)x —2(1 + A)y — (1+ 11d) =0 a a(2): 
Form (2) shows us that the equation is that of a straight 
line. 


142 PENCIL OF LINES CHAP. VIII 


Form (1) shows us that the equation is satisfied by those 
values of x and y, which make z — 2y —-1=0 and 3a —2y—11=0 
simultaneously. That is to say, it is satisfied by ~=5 and 
y=2. The point (5, 2) therefore lies on the graph of equa- 
tion (1). 

Hence we conclude that the graph of 

(wa —2y —1)+A(3a-—2y —11)=0 
is a straight line passing through (5, 2), the point of inter- 
section of the lines x - 2y-—1=0 and 32-—2y—11=0. 

By giving various values to \ we obtain a system of lines 
all passing through the point (5, 2). (Diagram 2.) 

For example put A= —2, —1, +1, +3 in succession. 

We have 

(1) x-2y—1-2(3% -2y-—11)=0 that is 54 -2y-—21=0. 
(2) «-2y—1-1(8e—2y—11)=0 that is x5 =0. 
(3) e-2y—14+1(3%-2y—11)=0 thatis w- y-— 3=0. 
(4) «-2y—-14+3(3x% —-2y—11)=0 that is 5u-4y-— 6=0. 

If we put \=0 we have the given line x -2y—-1=0. 

Again, if we write the equation as follows 


1 
x (@- 2y-1) + (8e-2y-11)=0, 


: 1 : 
and put A=, then since 5 =0 we obtain the equation 


3a —2y—11=0, which is that of the second given line. 

The system of lines found by assigning different values to 
X is called the “ pencil ” of lines having (5, 2) as ‘‘ vertex.” 

dis called the “ parameter” of the system. It is fixed for 
any one line, but varies from line to line. 

The lines s-2y—1=0 and 3x-—2y-—11=0 are called the 
“base lines ’of the system and their parameters are 1 =0 and 
A= o respectively. 

The method of reasoning is quite general. Let 

1,o+ my +n, =0 and 1,4 + my +n,=0 
be the equations of two given lines. 
Then 10+ my +n, +A(Ix+mgy+m)=0 is the equation 
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to a straight line passing through the intersection of the two 
given lines. For if we write the equation thus: 

(1, + Mlg)a + (1my + Atng)y + (my + Ang) =O, 
we see that the equation is represented by a straight line, while 
the first form shows us that it passes through the point of 
intersection of the given pair, as the co-ordinates of the latter 


DraaRam 2, 


point cause the expressions lav+my+mn, and 14+ my +N, 
to vanish. As shown above we can obtain a whole set of 
lines all passing through the intersection of the given pair 
simply by varying . As already stated the system of lines 
found is called a pencil of lines, whose base lines are 
ja + my +n,=Oandl,c+may+n,=0 and having A as para- 
meter. The parameter of the first base line is 4=0 and of 
the second A=0o. 
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It falls to be noted that the equation 
Y — Y= (a — a4) 
or (y — yy) — M(x — #) =9, 

is a simple case of what we have been dealing with. 

Here the equation represents a pencil of lines passing 
through the intersection of the lines y-y,=0 and #—2,=0. 

The point where these two base lines intersect is of course 
(z, y,), the vertex of the pencil. 


Examete 1.—Find the equation to the straight line which joins the 
origin to the intersection of the lines 2a - 5y+4=0 and 3x-y+1=0. 

The line 2a - 5y+4-+ 2 (3%-y+1)=0 passes through the inter- 
section of the given pair. 

It also passes through the origin if 4+2(1)=0, 

a SSCS. 
The required equation is therefore 
2u - 5y+4 -4(8a-y+1)=0 
or 10z+y=0. 

Norr.—The two given lines intersect at the point (-—+,, 49) 

which plainly lies on 107-+-y=0. 


ExameLe 2.—Find the equation to the straight line which passes 
through the intersection of the lines x-2y=3 and 3x-y=4 and has 
a gradient of 2. 

x-2y-3+r(8a-y-4)=0 is the equation to a straight line 
passing through the intersection of the given pair. On collecting 


terms we have 
(1+3A)a@ - (2+A)y - (8-+4A)=0. 
The gradient of this line is 5-— 


Whence \=#, 
*, ©-2y-3+2 (8a-y-4)=0, 
which gives 3a -4y—-7=0. 


ExamPLe 3.—Find the equation to the straight line which is per- 
pendicular to 5u+-2y-3=0 and passes through the intersection of the 
lines 2x - 4y+-3=0 and x«-y=2. 

Since the required line is perpendicular to 5¢%+2y-3=0 its 
gradient is ? (Chap. III.). 

Let its equation be 

2x -—4y+3-++-d (w-y-2)=0, 
. (2-+d)x - (4-4A)y+(3 — 2d) =0, 
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2+2r 
440 
, 24+r_2 
ee aes 
2 A= 8, 
The equation sought is by the usual process 
4a -10y+13=0. 
EXAMPLE 4.—A straight line 1s drawn cutting the axes at A and B. 
C is the mid-point of AB. Through C a parallel is drawn to XX’, 
through B a parallel is drawn to OC, and through O a parallel is drawn 
to AB. Prove that these three lines are concurrent. 
Let A=(a, 0), B=(o, 6), and there- 
fore C= “ = 
2 2)° 
The equation to AB is 


ea ee 
ae toes 


The gradient of this line is 


a +7 =0 is the equation to a line 
through O parallel to AB (Chap. ITI.). 
The gradient of OC is ox 


ee, y= rnb is the equation to a straight line through B parallel 


to OC (Chap. III.). 
On simplifying these two equations we have 
ba-+-ay=0 ; i ; aii) 
and bz -ay+ab=0 , ; ental) 
.*. (bu+ay) — (bu -ay+ab)=0 (Note. \= -—1)is the equation to a 
line through their point of intersection. 
This gives 2ay —ab=0, 
or Y= 5 
But this last equation is that of the straight line through C 
parallel to XX’. 
Hence the three lines are concurrent. 


VII. MISCELLANEOUS EXAMPLES 


EXAMPLE 1.—T'wo parallel straight lines cut the axes at A, B, A’ and 
B’ respectively. if L and L’/ are the mid-points of AB and A’B’ 
respectively prove O, L and L’ collinear. 

Let the equation to AB be 


ab es 
4 | 1, 
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That of A’B’ will therefore be 

we Yy_ 

aa =k (Chap. ITI.). 


Hence A=(a, 0), B=(o, b), A’=(ka, 
o) and B’=(o0, kb), 


-tm(§ 2) aa =(8, 2) 


The equation to LL’ is 


which gives ars 
This equation shows that LL’ passes through O. 


ExaMPLe 2.—Tangents are drawn to the circle x*+y?=a* at the 
points (2%, yy) and (a2, Ya) lying on it. Prove that the line joining O to 
their point of intersection is perpendicular to the chord of contact. 

The tangent at (a, y,) is vxzy+yy,=a". 

The tangent at (2%, yp) is w%+YyYo=a*. 

(xay+-Yyy, — A) +X (wx.+yY_ —a)=0 is a line passing through 
their point of intersection. (Art. VI.) 
It passes through the origin if - a? - \a?=0. 
That is, if \= -1, 
"6 (wary bYyyy — 0) — (ity +YYe — a) =0, 
*. (@y — &q)e+(Y — Yo)y = 9. 
% — Xe 


The gradient of the line is — Site 

The gradient of the chord of contact which joins (a, y,) and 
(ay, yp) is “—” (Chap. TII.). 

The enocnetiet the gradients is — 1. 

Therefore the two lines are perpendicular. 


Example 3.—In the accompanying figure OACB is a rectangle. 
LEQ and MEP are perpendiculars to the axes. Prove BP, AQ, and 
OE concurrent. 

Let L=(i, 0) and A=(a, 0). 
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Let M=(o0,m) and B=(o, b), 
*, P=(a, m), Q=(I, b), and H=(I, m). 
The equation to AQ is- 


G2eee 
7. (Art. IIL). 


b 
The equation to BP is 
y-b_« 
m-b a 


On arranging these equations we have 


ba —(l-—a)y -ab=0 
and (m — b)~-ay+ab=0. 
.. {(bu —(l—a)y — ab} + {(m — b)a — ay+-ab} =0 is the equation to a 
straight line passing through the point of intersection of AQ and BP. 
Simplification of this last equation gives 


max —ly=0 
or 7 = 4, 
Lom 


This is the equation to OL. 
Hence AQ, BP and OE are concurrent. 


Examp.e 4.—A variable straight line is drawn so as to pass between 
the points P=(1, 1) and Q=(5, 6). If the ratio of the perpendiculars 


Jrom P and Q to the line be always 1: 2, prove that it passes through a 


fixed point. 
Let the equation to the variable 


line be 


y=mx-+e eh): 
—-l-+e 
‘SPN Soe salve 
Vari (numerically : 
Chap. IV.) 

5m - 6-+¢ 

and QM =——— 

sl Vm?+1 


Now these two expressions must 
have contrary signs since P and Q lie on 
opposite sides of the line (Chap. IV.). 


PN 1 
PM 2 


But 


Whence c=4 - 3m, 
“. y=ma+4- im (by substitution in (1)) 
or y-4=m(x- 4). 
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Hence the variable line always passes through the fixed point 
(4, 4) (Art. IL). 


Exame.e 5.—A straight line cuts the axes at A=(4, 0) and B= (0, 3). 
On AB a square ABCD is drawn 80 as to be turned away from O. OC 
and OD cut AB at E and F respectively. The perpendicular from 
E to AB cuts YY’ at G, and that from F cuts XX’ at H. Prove GH 
parallel to AB. 


It can easily be proved that 
triangles AND, OAB, and BMC are 
congruent. 

.. ND=BM=OA=4 
and AN=MC=OB=3, 
ON=7 andiOM— 
.. D=(7, 4) and C=(3, 7). 
Hence the equation to OC is 
z 


sey, a7 
37 OF Tx — 3y=0. 


x pee l or 3a 4y= be 
4 3 ; 


Therefore 3x-+-4y —- 12+ (7x - 3y)=0 is a line through the inter- 
section of AB and OC. 
It is perpendicular to AB if its gradient is ¢ (Chap. II1.). 
Arranging last equation we have 
(8-+7\)e-+-(4 — 3A)y - 12=0. 
Hence if this is the equation to EG we must have 


34+7\_ 4 : 
a we (by gradients), 
°. A= aw eS 


.*. the equation to EG is 1482 - 1lly+108=0, 
Are . G=(0, 428). 
Similarly H=(422, 0), 
108/111 _ 


.. the gradient of GH is - 192/148 ~ 


.*. GH is parallel to AB. 


Examete 6.—T'hrough the fixed point A=(h, k) a straight line is 
drawn cutting XX’ at P. Through the same point another line is 
drawn perpendicular to the first, cutting the y-axis at Q. Find the 
locus of the mid-point of PQ. 

Let the equation to AP be 

y —-k=m/(x—h) 


<2 
4 


: (1). 
Then the gradient of AQ will be oe and its equation will be 


y-k= -(e~b) iets, 
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To find P we have from equation (1) 
that when y=0 then -k=m(x—-h), 


Bese 
ag 
“Pa (Mat 0). @) 
m 
To find Q we have from equation (2) 
that when x=0 then 
h 
yY- k Fi 
_h+mk 
ae 
a —) 
: Q= (0, ny Paes (4) 
Let R=(2’, y’) be the mid-point of PQ, 
,_mh—-k ,_h+mk 
.". by (3) and (4) x ron and y/= Page 


Now m is a variable depending on the slope of the variable line 
AP, therefore it must not appear in the equation to the locus. 


We have 2mz’=mh —k, giving 
k 


m= - 57 
2a —h 
and 2my’=h-+-mk, giving - 
h 
mn By hy 
pn eee 
* oe’ -h Oy —K 
or — k(2y’ — k) =h(2x’ —h), 
; pete lig MW 
that is (y -5)- -F(# =3): 
y ‘\ 3 ° a k h h 
The locus of R=(a’, y’) is the straight line a te ~a(e-3 : 


It passes through (e 2) the mid-point of OA, and is perpendicular 


to OA, whose gradient is F (Chap. TL TA) 


N.B.—R is the ee. of a variable circle passing through O 
and A. 


RESUME 


1. y-y,=m(x—-2,) is the equation to a straight line of 
gradient m passing through the point (7, 4). 
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2. If m varies a “ pencil of lines” having (x, y,) a8 vertex 
is obtained. 


_ 21 21 ig the equation to a straight line passing 
Ty-% Yo-N1 
through the points (#,, y,) and (x, y). 
4. Latmy+n,+A(leo+mgy+n)=0 is the equation to a 


straight line passing through the intersection of the lines 


La+ my +n,=0, 
1, + May +N, =0. 
5. If A is made to vary a pencil of lines results. A is called 
the “ parameter” of the system. 


EXAMPLES 


1. Write down the equations to the straight lines which pass 
through the following points and have the gradients given. 
(i.) Point (4, 1): gradient 3. 
(ii.) Point (-—3, 2): gradient — +. 
(iii.) (-3-3, — 2-8): gradient 4. 
(iv.) (2-5, — 1-4): gradient — 3. 
Draw the first two lines, 


2. Work out the equation to a straight line which passes through 
the point (3, 1) and makes a negative intercept of 4 units on the 
y-axis. 

3. Through the point D=(h, k) a straight line is drawn per- 
pendicular to OD. 

Write down its equation and find the points P and Q where it 
crosses the axes. 


4, Pisa variable point on the x-axis and Q one on the y-axis. They 


are joined to the point H=(5, 3), and are such that PH Q is right. 
Prove that the locus of the mid-point of PQ is a straight line. 


5. Work out the equations to the lines which join the following 
pairs of points. 
(i.) (1, 2) and (4, 5). 
(ii.) (-2, 3) and (4, 6). 
(iii.) (—5, -2) and (1, - 1). 
(iv.) (A, k) and (0, 6). 
6. Draw members of the pencil of lines whose vertex is at the 
point (-3, 1) and show the values of the parameter. 
What are the base lines of the system and what values has the 
parameter in their case ? 
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7. Write down the equation to a system of lines passing through 
the intersection of the lines w-2y+1=0 and 3a -8y+9=0. 


Find the parameters of the following members: 


(i.) That which passes through the origin. 
(ii.) That which has a gradient of — 4, 
(ui.) That which is parallel to the line 5¢%+2y=12. 
(iv.) That which is perpendicular to the member through the 
origin. 
8. Write down the equation to a system of lines passing through 
the intersection of the lines 
2x — 5y=3, 
3z+4y=16. 
(i.) Which member of the system passes through the origin ? 
(ii.) Which member is perpendicular to last line ? 
(ili.) Which member makes a negative intercept of unit length 
on the x-axis ? 
(iv.) Which member has a gradient of 4? 
(v.) Which member is parallel to the y-axis ? 
(vi.) Which members of the system make with the axes triangles 
whose areas are 12-5 sq. units? 
(vii.) Through what point do all the members pass? Verify the 
result for the straight lines found above. 


Draw several members of the above system of lines, showing the 
values of the parameter. ae 

9. Write down the equation to a system of lines passing, through 
the intersection of the lines x-+2y=9 and 3a  5y=5. + \ 

(i.) Which member makes a positive intercept of Punts n the 
y-axis ? y >” | =p | 
(ii.) Which member is perpendicular toJast.line 2,» /-/_ 
(iii.) Find the area of the quadrilateral in the first quadrant made 
by these lines and the axes. ip 

Draw several members of the above pencil showing’the values 
of the parameter. 

10. Prove that the medians of a right-angled triangle are con- 
current. 

11. Show that the following systems of points are collinear. 

(i.) (—1, —2), (3, 2) and (4, 3), 
(ii.) (-3, -—1), (0, 4) and ( -6, - 6), 
(iii.) (-5, 3), (2, 0) and (9 - 3). 

12. a 4h K w+ Ray and aad are three straight lines 
which cut the axes at A, B, A,, B,, and A,, B, respectively. 

Prove that the mid-points of AB, A,B, and A,B, are collinear. 
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13. ABCD is a square. BA is produced to H,so that AH=AB. 
CE is joined and cuts AD at G. The diagonal AC is divided at F 
in the ratio 1: 2. ; 

Prove that G, F, and B are collinear. 


14. A point moves so that the ratio of the perpendiculars drawn 
from it to the two lines 2% -5y=13 and 37+4y=16 is always 5. 
Prove that its locus is a straight line passing through the intersection 
of the given pair. (Art. VI.) 


1& Two parallel straight lines cut the axes at A, B and A’, B’ 


respectively. M is the mid-point of AB. Prove AB’, A’B and 
OW concurrent. 


16. The straight line 2x+y=4 cuts the axes at A and B. A 
triangle PQR is drawn such that the equation to PQ is y= - 3, the 
equation to QR is 2x-+-y=12 and the equation to RP is x= -1. 

Prove that PO, QA, and RB are concurrent. 


17. A line is drawn through the point ( =¢, 4 perpendicular to 


the line #2-ty+c=0. Prove that it passes through a fixed point 
for all values of ¢. 


(Hint.—Use Art. I., obtaining the gradient from the given line.) 


18. Find the condition that the following three lines be con- 
current. 


x+2y=9, 
3x - 5y=5, 
axv-+By=1. 


19. OABis a triangle such that O= (0, 0), A=(o, a), and B=(h, k). 
Find the equation to each of its altitudes and prove these three lines 
concurrent. 


20. In last example find also the equations to the lines joining 
each vertex to the mid-point of the opposite side and so prove the 
medians concurrent. 


21. ABCD is a square. Any line is drawn through A, and per- 
pendiculars D@ and BP are drawn to it. Parallels are drawn to the 
axes through P and @ so that a rectangle is formed. Prove that 
AC passes through one of its vertices and BD through the other. 

(Hint.—Take the equation to the line through A in gradient form.) 


22. Two adjacent sides of a rectangle are produced their own 
lengths. Prove that the extremities of these lines are collinear with 
a vertex of the rectangle. 


23. ABCD is a rectangle such that AB=h and AD=k. P, R, Q, 
and § are taken on AB, BOC, CD, and DA respectively so that 
AP=p, BR=r, DQ=q, and AS=s. 

(i.) Take A as origin, AB and AD as axes of x and y respectively 

and work out the equations to PQ and RS. 
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(ii.) Prove that if these lines intersect on BD then BP. SD= 
DQ: BR. 
(Hint.—Use Art. VI. and work out the two conditions that B and 
D lie on a line through their intersection. Between these eliminate 
the parameter.) 
(iii.) Show that if they intersect on AC then AP- RC=AS- QC. 


24. ABCD is a rectangle. Points K and L are taken on AB 
and AD respectively and through them parallels LEN and KEM 
are drawn to the sides. Prove that BM, DN and AZ are concurrent. 


25. In the figure of last example prove also that DM, KN, and 
AC are concurrent. 

26. Prove for the figure of last example that LK, MN, and DB are 
concurrent, 

wN 

27. Any point £# is taken on the bisector of XOY. 

A is a given point on OX and B on OY. . 

AR meets OY in Q and BR meets OX in P. 

Prove that PQ passes through a fixed point on the bisector of 
x’OY. 

28. ABC is a right-angled triangle whose hypotenuse is BC. 
Squares are described externally on AB and AC. JB is joined to the 
corner of the square on AC opposite to it and C to that of the square 
on AB opposite to it. Prove that these two lines intersect on the 
perpendicular to BC. 

29. Prove that the mid-points of the non-parallel sides of a 
trapezium and the intersection of its diagonals are collinear. 

30. Prove that the non-parallel sides, and the straight line 
joining the mid-points of the parallel sides of a trapezium are con- 
current. 

831. ABCD is a rectangle. / is taken on AB and H on AD, and 
perpendiculars FHG and HHK are drawn to the opposite sides. 
Prove that the following systems of lines are concurrent. 

(1) DH, AK, and CF. 
(2) HC, BH, and AG. 
(3) BH, DF, and CE. 
(4) DK, BG, and AL. re 

32. Any point P is taken on the bisector of XOY. PN is drawn 
perpendicular to OX. WN is joined to the point H=(1, 3) and NH 
cuts OY at L. Prove that LP always passes through the point 


(1, 4). 


CHAPTER Ix 


THE HOMOGENEOUS EQUATION OF THE SECOND DEGREE 
IN Z AND y 


I. The degree of an equation. 

The degree of the product x? y%z" is p+q+r. 

For example the degree of x?yz* is the seventh. 

The presence of a numerical factor in the product does not 
affect its degree. 

Thus the degree of 5a?Py%z" is still p+ q+r. 

The degree of an equation is that of its highest term as defined 
above. 

For example the degree of the equation 

x? + 2ay + 3y2=0 

is the third, since x? is the term of highest degree. 

Again the equation xy + 2a7y? — 4y=0 is of the fifth degree, 
the term of highest degree being xy. 


Il. Homogeneous equations. 

When all the terms of an equation are of the same degree it is 
said to be homogeneous. 

Thus the equation 2 + 4x*y— 3ay" + 5y3=0 is homogeneous 
since all its terms are of the third degree. 

Again the equation 5a — 22 + 4yz2-6ayz=0 is a homo- 
geneous equation of the third degree in x, y, and z. 

Such an equation as 3a%—4ay+5y?=0 is a homogeneous ' 
equation of the second degree in x and y. 

The equation ax® + 2hay + by?=0 is called the general homo- 
geneous equation of the second degree in x and y. 

In it a, h, and b are assigned numbers. 

154 
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Ill. To discuss the equation 37+ 5z2y+y?=0 and its graph. 
We shall draw its graph from w= —3tov= +38. (Diagram 1.) 
We note with our first glance that the origin is a point on 
the graph. 
When «= —3 we have 27 —15y+y?=0, which gives 
y=12-91 or 2-09. 
When «= —2 then 12 -10y+y?=0, which gives 
y=8-61 or 1-39. 
We notice that two values of y correspond to a given value 
of x. 
Proceeding as above we derive the following table : 


Fe eso | oe. fs] 
y, | 1291 | 861 | £30 | 0] —430 | —861 | —12-91 | 
Yo | 2-09 [1-39] -70;0] --70 | —1-39| —2-09 | 


MTT a 
rr pr EEE eH S See eeeeeeee 


DracRam I, 
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We see that the graph consists of two straight lines. 

It can be proved to do so very easily. 

Regard the given equation as a quadratic in y and solve in 
the usual way. 


We have y” + day + 3a?=0, 
_ bat /130? 
= He 
_ —bet2/13 
iia SLA 
The solutions therefore are 
— Bt gibo 
EE hes Weg c | 
and Sena OY is |p Pea 64 


Each of these equations is represented graphically by a 
straight line passing through the origin (Chap. II.). Their 
gradients are very nearly —-697 and — 4-303. 

On drawing their graphs they will be found to be the pair 
of lines already obtained. 

To impress these ideas we shall work out another example, 
say the graph of 2x? —2ay—y?=0. 


We have y? + 2ey — 2a? =0. 
Hence when x= —3, then 
y? —6y —18=0, 


which gives y=8-20 or —2-20 (nearly). 

Thus we see as before that two values of y correspond to an 
assigned value of a. 

Proceeding as above we have the following table. 


CW lect Was Dabeey Ul Wibod (da) Ru bbagtesteysoaee nese |e: 
y| 820] 546| 27310] —273| —5-46| —8-20 
ya | —220| —1-46| —0-73|0| 0-73] 1-46] 2-20 


On drawing the graph we obtain as before a pair of straight 
lines. (Diagram 2.) 
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D1aGRAmM 2. 


We can prove that this must be so just as before. 

Since y?+2ay—227=0, * 

— 2nd 12a" 
5 ae 


(~1 &../3)a. 

The solutions are y=(—1+ ,/3)¢ and y=(-1- ,/3)z. 

The graph of each of these equations is a straight line 
through the origin. 

Their graph tables are appended and show that the straight 
lines are those already obtained. 


y=(-1+ J3)e 

ths, he eee ek a | 

y | —220 | -1-46 | -0-73 |0{ 
y=(-1- /3)a 


Pade ood: a ee al TO 
y | 820 | 5-46 | 2-73 [0 | 
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IV. A homogeneous equation of the second degree in x and y 
is graphically represented by a pair of straight lines passing 
through the origin. 

Let aa? + 2hay + by?=0 be the homogeneous equation of the 
second degree in # and y. 

Regard it as a quadratic in y, 

*, by? + 2hay + ax? =0, 
—2ha+ ./h®a® —A4abzx? 


= 


2b 
—hat« Jh®—ab 
SAMOS eae 
The solutions therefore are 
Re eas 
+ va. . . (1) 
= f= 2_ ab 
and y= A at ts ; (2). 
The graph of each of these equations is a straight line through 


the origin. 
Hence the homogeneous equation ax?+2hxy+by?=0 is 
graphically represented by a pair of lines passing through the 


origin. 
The gradients of the two heanobgs of the graph are re- 
spectively 
—h+ ,/h®?-ab —h 1? — a 
Be A! nd sat ” (Chap. IIL.) 


Corollary.—The lines are Rslshcs9 if 


—h+ Vie —ab | —h— Jh®=ab _ 


—1 (Chap. HI), 


b b 
e. 
that is, if ark ee 
ieee it erst: 
which gives a+b=0. 


Hence the lines representing ax* + 2hay + by?=0 are at right 
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angles if the algebraic sum of the coefficients of a? and y* is 
zero. 


_ EXxaMPLe 1.—Of what two straight lines is 3x2 - Say -2y2=0 the 
joint equation ? 
Solving for x we have 
we Sy /25y?+24y?  5yt7Ty 
o 6 Sap dome 


The solutions are v= 2y 
and «= —ty. 
Hence the two branches of the graph are the lines 
x-2y=0 
and 3¢+y=0. 


EXAMPLE 2.—What two straight lines compose the graph of 
8a? — 22ay+15y?=0? 
Here as wherever possible we solve the equation by the method 


of factors. 
Factorising the left hand member of the equation we have 


(2x — 3y)(4x — 5y) =0, 
.. 2x -3y=0 or 4x - 5y=0. 
These two equations are those of the required straight lines. 


ExampeLe 3.—Prove from elementary principles and by the help of 
the corollary of this article that the two straight lines which represent 
the equation 10x? — 21ay — 10y?=0 are at right angles to one another. 

(i.) On factorising we have 

(2a — 5y)(5a-+2y) =0. 


2a - 5y=0 
+ and 54+2y=0. 
In these equations the coefficients of x and y are interchanged 
and the sign of one of them reversed, which proves the lines at right 


angles. 
(ii.) Using the corollary of this article we have the sum of the 


coefficients of x? and y* =10-10=0. 
Hence the lines are perpendicular. 


Examere 4.—Find the combined equation to the straight lines which 
pass through the origin and the points (2, 1) and (3, 4). 

(i.) By Chapters II. and VIII. the equations to the lines joining 
the origin and the points (2, 1) and (3, 4) are 

x—2y=0 and 4a -3y=0. 
Hence their combined equation is 
(x — 2y)(4a — 3y) =0, 
. 4a? — Llay+6y?=0, 


The solutions are 
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(ii.) Aliter—Let the required equation be ax + 2hay-+by* =0. 
Then since (2, 1) and (3, 4) are points on the graph we have 
4a+4h+b=0 : : a) (Gy 

and 9a+24h+160=0 . . En (2): 

Treating these as simultaneous equations in a and h we have 
a=2b and h= - 44). 

Hence on substituting in ax?+2hay-+-by*=0 we have 
gba? — tA bay +by?=0, 

whence 42? — llay+6y?=0 as before. 

Examete 5.—Find the joint equation to two perpendicular straight 
lines which pass through the origin, if one of them passes through the 
point (1, 4). 

(i.) The equation to the straight line passing through the origin 
and the point (1, 4) is 

4x -y=0. 

Hence the line through the origin perpendicular to it is 

x+4y=0. 

The joint equation is therefore 

4x? +-1l5ay — 4y?=0. 
(ii.) Alter.—Let their joint equation be 
ax + 2hay + by? =0. 
Since they are perpendicular we have 
a+b=0 or b= —a (Cor. to present Art.), 
1. ax® + 2hay — ay?=0. 
Now (1, 4) is a point on the graph, 
.. @+8h - 16a=0, 
. h= a, i 
.. az+ acy — ay?=0, 
whence 427+ Lday - 4y?=0. 

V. An equation giving the gradients of the two lines which 
constitute the graph of au* + 2hay + by?=0. 

Let P be a point on one branch of the graph. 

Draw PP'N perpendicular to OX 
(see figure). 

Let P=(a%, y) and P’=(a, y’,). 

Then the gradients of the lines are 


NP ; 
ON and a or what is the same 


thing “1 and . 
Dy ay 
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Now we know that when we assign to « a value a, in the 
equation az*+ 2hay+by?=0, then two values y, and y,' of y 
correspond. Hence the gradients are easily found. 

Further, if we divide both sides of the equation by «2 we 


have o(%) 5 - one +a=0. 


This equation will therefore give the two ratios 4 and a, 
. . . . . 1 1 
that is to say, it gives the gradients of the lines. 


If as usual we write m for , the gradient, then 


bm? + 2hm+a=0 
is the equation of the gradients. 
Corollary.—The lines are perpendicular if a+b=0. 
Let the roots of last equation be m, and m,. These are 
therefore the gradients of the two lines. 
The lines are perpendicular if m,m.= —1, that is, if 
= —1 (Chap. V. Art. VI. property 2) 


or a+b=0. 
This result was obtained in last article. 


oS 


Exametr 1.—Find the gradients of the lines 2x* - 8xy+3y"=0. 
On dividing throughout by a” we have 


2 
3(%) ~3%42=0, 
x x 
+. 8m? - 8m+2=0. 


The solutions—found by the usual process—are m=2-3874 or 


2792 (very nearly). 


These are the gradients of the lines. 
Corollary.—The slopes of the lines are 67° 16’ and 15° 36”. 


ExameiEe 2.—Prove from the equation of gradients that the lines 
32? — day —3y?=0 are perpendicular. 
We have 3y?+4xy — 327=0, 


Male) ofa 
a(S) +44 -3=0 
or 3m?+4m -3=0. 


Let m, and m, be the gradients of the two constituent lines. 
‘ M 
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Then m, and mz, are the roots of the last equation 
ere — 
=-1. 
The lines are therefore perpendicular. 


VI. To find the angle between the straight lines 
ax® + 2haey + by? =0. 
Let OL and OM be the two constituent lines of the graph. 
Let 6 be the angle between them, 
and let their gradients be m, and mg, 
respectively. 
Then 


_ My = Ms 
tan O=5 eadink (Chap. IIT.). 


Now the gradients of the lines are 
given by the equation 

bm? +2hm+a=O0 (see last article). 
Therefore m, and m, are the roots of this equation. 


We have 


(my ~ Mg)? = My? + Mg? — ZmyMme 
= (M+ Mg)" — 4mm. 


But 
2h a 
My +My = —> and mM =F (Chap. V. Art. VI.), 
4h? 4a 
*, (my — Mz) = erg, 
4(h? — ab) 
= iy 7% > 
— 
<n ae ll 
Again l+mym,=1 +5 = a0 
h2—ab 
“. tan 0=+ Tues 


Note.—In practice there will seldom be any need to pay 
attention to the sign of the formula. The arithmetical value 
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will give the acute angle between the lines. A negative value 
would merely give the obtuse angle. 

Corollary 1—The lines are coincident if h? =ab. 

The lines coincide when @=0 and therefore tan 6=0. 

2a _ 
G+ °.? 
*. h?—ab=0 or h?=ab. 
Corollary 2 —The lanes are Ne pad of a+b=0. 
‘Tf 6=90° then tan 0=o0. 


*,a+b=0. 


Examepxe 1.—Find the acute angle between the lines 
— 6xy+3y?=0, 
from the equation of gradients and by formula. 
(i.) The equation of gradients is 3m? - 6m+2=0 


1 ae sit, 
For 6 we have tan 0= ices 
Now (my — m3)” = (my, +M)? — 4mym, 
But M,+M,=2 and mym,.= = 
8 4 
.*. (mM, — Ms)? = 4 - 379 


2) My — My = <3 (numerically). 


5 
Also ; 1-+mym,=145= 3” 
*, tan ga 208 _. 6928 (approx.), 
os pan? 43’, 
(ii.) Use the formula :—In this example a=2, h= —3, and b=3. 
2/h? — ab 
tan 9= hes 
go58 
re ee 


- 0=84° 43’ as before. 
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ExamMpie 2.—Prove by Corollary (1) and otherwise that the lines 
4x?+-20ay+25y?=0 are coincident. 

(i.) We saw that the lines ax?+2hxy-+-by?=0 are coincident if 
h?=ab. 

The lines 42?+202y+25y?=0 will therefore be coincident if 
100=100. Hence the lines coincide. ; 

(ii.) If we factorise the left-hand member we have 

(2%-+-5y)(2a+ 5y) = 0, 
or (27+ 5y)? =0. 
The lines therefore coincide with the line 27+ 5y= 


Norse.—The lines composing the graph of the equation 
aa? + 2hay + by? =0 
will coincide when the factors of the expression ax?+2hay-+by* are 
equal. In other words, ax?+2hay--by? must be a perfect square. This 
is illustrated in the example. 


VII. Find the combined equation to the straight lines yoining 
the origin to the intersections of the straight line lx+my=1 and 
the crcle a? + y?=a?. 

The analytical device now to 
be introduced is very important. 

Consider the equation 

x + y? = a*(lx + my). 

It is formed by multiplying 
the right-hand member of the 
equation to the circle, by the 
square of the left-hand member 
of the equation to the straight 
_line which has the value 1 for all points on PQ (see figure). 

Tt is evident that the co-ordinates of the point P will satisfy 
the equation 
e+ y?=a%(le+my)*. For let P=(2', y ion 
Then since P lies on the circle 
ge’? + y'2— 2, 
and since P is also on the straight line 
J. le’ +my'=1. 
Hence a*(La’ + my’)? 
=a? x] 
| =ae ry”, 
which shows that P lies on the graph of a? +y?=a%(la+my)?. 
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Similarly it may be proved that Q also is a point on this 
graph. 

If we simplify the equation we have 

x? + y* =a? (la? + 2lmay + m2y?), 
which gives (a?/? —1)x? + 2a?lmay + (am? — 1)y2=0. 

Now this last equation is a homogeneous equation of the 
second degree in x and y, so that its graph is a pair of straight 
lines passing through the origin. 

We saw that P and Q lay on the graph, therefore 

x? + y* = a'(la + my)? 
is the joint equation to OP and QQ. 

Remark.—The equation to the straight line must be in the 
form la + my =1, that is to say the right-hand member must be +1. 


Examete 1.—Find the equation to the pair of lines which join the 
origin to the intersections of the straight line 2a - 5y=83 and the circle 
ey" = 4, 

Since 2x - 5y=3, 

wae sy |, 

The equation to the pair of lines in question is therefore 

w+? = 4(Ba — gy), 

Which gives when simplified 

7x? — 80xy+91ly?=0. 


Examp.e 2.—Find the combined equation to the pair of lines which 
join the origin to the intersections of the straight line x-+-2y=20 and 
the circle x?+y?=85. Find where the straight line cuts the circle and 
so verify that the equation obtained is the right one. 

(i.) We have #-+2y = 20, 

3 a+2y 4 


20 
aes aby? =85( 7)? ehh RE ae 
This is the joint equation to the two straight lines in question 
When simplified it becomes 63x? - 68zy-+-12y?=0. 
(ii.) Verification :—On solving the equations 
xv? +y*=85 
and #+2y=20 
we have the following solutions 
x|2|6 
y|9|7 
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The straight line cuts the circle at the points (2, 9) and (6, 7). 
The point (2, 9) lies on the graph 
63x? — 68xy-+ 12y?=0 
if 252 — 1224-4972 =0. 
Similarly it can be shown that the point (6, 7) lies on the graph. 
The origin obviously is on it. 


VIII. MISCELLANEOUS EXAMPLES 


Exameie 1.—Find the orthocentre of the triangle the equations to 
whose sides are x* — 3xy+2y?=0 and x+2y=3. 

We have 2? - 3xy+2y?=0, 

6 (v—2y)(@—y)=0. 

Hence the equations to OL 

and OM are 
x —-2y=0 and x-y=0. 

Now «-y+X(x+2y - 3)=0 is 
the equation to a line which 
passes through the intersection of 
OM and ML. 

Collect terms, 

oe (1+A)a@ — (1 - 2A)y - 8A =0. 
This line is perpendicular to 
«—2y=0 or OL if 
1(1+A) - 2(1 - 2)=0 (Chap. III. Art. L.). 

Whence \=1. 

The equation to the perpendicular from M to OL is therefore 

w—y+1(e+2y —3)=0 
or 2x+y-3=0. : : 5 dl}: 

Again, since the equation to ML is x+2y=3, therefore 2a -y=c 
is the equation to a line perpendicular to it (Chap. IIT.). 

When c=0 the line passes through the origin. 

Hence 2x -—y=0 (2) is the equation to the perpendicular to ML 
from O. 

On solving equations (1) and (2) we find that (4, 3) is the ortho- 
centre of triangle OLM. 


EXxameLe 2.—Find the centroid of the triangle the equations to 
whose sides are 12x? - 20xy+Ty?=0 and 2% -3y+4=0. 

Since 122? - 20xy+7y?=0, 
.. (2x — y)(6x - Ty) =0.. 

The equations to the sides of the triangle are therefore 

2e-y=0. : A =< orl); 
62-Ty=0 . F ; ae (2) ae 

and 2% -3y+4=0 . ‘ : ; | (3): 
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On solving these equations two and two we find that the vertices 
of the triangle are (0, 0), (1, 2), and (7, 6). 

The mid-point of (0, 0) and (1, 2) is (4, 1) (Chap. I.). Hence the 
equation to the median through (7, 6) is 


f= sy:— 6 
pat 16 (Chap. VIIZ.), 
whence 10x - 13y= -8 5 : (4): 


Similarly, the equation to the median through O is 
x—y=0 5 5 : MEO) 3 


On solving equations (4) and (5) we have that the centroid of the 
triangle is ($, 3). 


EXAMPLE 3.—Find the condition that the line la+my=1 may 
touch the circle x*+-y? =a". 

The equation x?+y*=a7(lx+my)? is the equation to a pair of 
lines passing through the origin and the intersections of the line 
lx+my=1 with the circle 7?+y?=a? (Art. VIL). 

Arranging the equation we have 

(a7? — 1)a?+2e2lmay +(a?m? - 1)y?=0 WP) 

Now if l<+my=1 touches the 
circle, then its points of intersec- 
tion with the latter are coincident. 
Hence the lines joming them to 
the origin are coincident. 

The lines represented by (1) 
must therefore coincide. a, 
. 404?m?=4(a7l? —1)(a?m? - 1), 
which gives 

r+ em=1 


1 
2 we 
or P+m a 


' 2 
Cor.—The lines are at right angles of Pm? =" 


The condition for perpendicularity is that the sum of the co- 
efficients of a? and y? be zero. 


. 72 -1+a%m?-1=0, 
, ‘ [2 ae 2 
which gives +m? = “5s 
Note.—It follows that if OP and OQ are at right angles, then PQ 
“San ye 


a 
touches the circle 27+y?= x" 
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Exampie 4.—Find the locus of the intersection of tangents to a 
circle which are at right angles to one another. 
Let PQ and PR be two perpendicular tangents to the circle. 
Then OQ and OR must also be at right angles. 
Let the equation to the circle be 
e+y?=a* and let P=(x,, y,). 
The equation to QF is 
tat +-yy, =a? (Chap. VI.), 
. MT 4 
idenres baa 
The combined equation to OQ and 
x OR is therefore 


; 2 


R 
_ Part yyy + 2xyxyyy 
= aa k 
that is, aa? + a2y? = war? + yyy? + 2ryayyy, 
whence (x42 — a*)x? + 2ayy,y +(y,? - a*)y? =0. 


Since these lines are perpendicular the sum of the coefficients of 
x? and y” is zero (Art. IV. Corollary). 


wt. @?+-y,7 - 2a? =0. 
The locus of P=(a,, y,) is the circle whose equation is 
vy? = 2a. 
(See page 97, Ex. 8, and page 111, Ex. 1.) 


RESUME 


1. The degree of the product xPy%z" is p+qtr. 

2. The degree of an equation is that of its term of highest 
degree. : 

3. If the terms are all of the same degree the equation is 
homogeneous. 

4. ax? + 2hay +by?=0 is the general homogeneous equation 
of the second degree in @ and y, and is graphically represented 
by a pair of straight lines passing through the origin. 


r Y\? on 
5. The equation o(# +2h7 +a=0 or bm*?+2hm+a=0 


gives the gradients of the two branches of the graph. 
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6. The angle between the two lines is given by 


2 /h? —ab 


tan d= + its 


7. The lines are coincident if h2=ab and at right angles if 
a+b=0. 


EXAMPLES 


1. Draw the graphs of the equations 322+2z¢y-y?=0 and 
4a? — Txy +2y?=0. 
2. Find the area of the triangle formed by the graphs of 
3a?-+ 4ay — 4y?=0 and 5a -6y+16=0. 
3. Find the individual equations of the straight lines of which 
the following are the combined equations: 
(i.) 522+ 132y - 6y?=0. 
(ii.) 15x?+ 22xy+8y?=0. 
(iii.) 62? — Say =0. 
4, Show that the lines 92?+6zy+y?=0 are: coincident. 
5. Show that the pairs of lines 2? - y?=0 and 62?-+-5zy - 6y?=0 
include right angles (Art. IV. Corollary). 


6. Find h in order that the lines 4%*+hay+25y?=0 may be 
coincident. 
7. Find 6 in order that the lines 827+3hay+by*=0 may be 
. perpendicular. : 
8. Write out the equations which give the gradients of the 
following lines (Art. V.). 
(i.) 3a?+ 4ay - 6y? =0. 
(ii.) 2a? — Say +3y? =0. 
(iii.) 40% - Try -y?=0. 
Find the slopes of the lines of the first equation. 
9. Find the acute angles between the following pairs of lines. 
(i.) 3a?+4ay - 2y?=0. 
(ii.) 4a? - 8ay+3y? =0. 

10. Obtain the acute angle between the lines 6x? - Tay — 20y*=0 
and verify the result by finding the slope of each line from its equa- 
tion. 

11. Find the angles between the following pairs of lines. 

(i.) w -— 6ay+9y?=0, 
(ii.) 407+ Tay — 4y*=0. 
What do you conclude in each case ? 
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12. Find the median centre of the triangle formed by the lines 
82? — 26ay-+15y?=0 and «+-y=7. 

13. Find the orthocentre of the triangle formed by the lines 

5a? — Txy — 6y?=0 
and 3¢+7y=26. 

14. Work out the combined equation to the straight lines through 
the points of intersection of the circle 2?+y?=9 with the straight 
line 37+2y=1. 

15. Find the acute angle between the pair of straight lines drawn 
from the origin to the intersections of the straight line 5a -—2y+1=0 
with the circle x?+y?=12. 

16. Find the acute angle between the pair of lines which join the 
origin to the intersections of the straight line 22-+-y=20 and the 
circle x+y? = 85, ; 

17. Find the condition that the line /e-+-my=1 should touch the 
circle 2?+y?=8 (Art. VIII. Ex. 3). 


18. Find the condition that the chord cut off from the line’ 
lx+-my=1 by the circle z?+y?=5 subtend a right angle at the 
centre. 


19. Use the method of Example 4, Art. VIII., to find the locus 
of the intersection of tangents to the circle 2*-+-y?=20 which are at 
right angles to one another. 


CHAPTER X 
THE GENERAL EQUATION TO A CIRCLE 


I. Find the locus of a point which moves at a distance of a 
units from the fixed point (h, k). 
Let P=(z, y) be any 
point on the locus, and let Y 
,C=(h, k). Then CP=a. 
Now 
CP? =(o-h)?+(y—h) 
(Chap. L.), , 
“. (1 —h)* +(y —k)* =a? (1). 
This is the equation to 
the locus of P= (x,y). 
It is therefore the equa- 
tion to the circle whose centre is C=(h, k) and whose radius 
is a units. The equation is easily written down by equating 


the square of the radius to the square of the distance between 


the points (x, y) and (h, k). 
171 
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Note.—If we assign to a various values we shall obtain a 
system of concentric circles. If we take continuously decreas- 
ing values, then the circles will become smaller and smaller, 
tending to the point C as a limit. (Second Fig. of this Art.) 

Hence when a=0 we say we havea “ point circle ” at (h, k). 
(Compare Chap. V. Art. I.) 

If we square out, and collect terms in equation (1), we have 

a + y? — Zhe — 2hy +h? +k? —-a*=0. 

In this result put h= —g, k= —f, and h?+k?-a?=c, 

1 P+yr+2gx+2fytc=0 . oo tee 

In this form the centre is at the point (—g, —f) since 
h=-g and k= —f. 

We observe: (i.) The equation is of the second degree in x 
and y, but is not homogeneous. 

(ii.) The coefficients of «? and y? are equal. 

(iii.) The term in ay is absent, or in other words the co- 
efficient of wy is zero. 

These are the characteristics of the equation to every circle, 
as we shall prove in next article. 

ExameLe 1.—Write down the equation to the circle whose centre is 


at the point (2, 5) and whose radius is 3 wnits. 
In this example h=2, k=5, and a=3. 
*. (v-2)?+(y-5)?=9 . : et Ly 
. e+y? —4¢ -10y+20=0 ‘ sinc): 
Compare these results with the two forms of the equation in the 
main discussion. 


Examp.e 2.—The centre of a circle is at the point (-%, —#) and 
its radius is 2 units. Find its equation. 
In this example h= -%, k= -#, and a=2, 


+ OPO Eas 05 ae 
oP +y?+fatdy - $24=0, 
14402 + 144y? +1920 -4+216y - 431 =0 a eae 


In this example we note that the coefficients of x? and y* are not 
1 but 144. 


We also point out that the two equations (1) and (2) correspond 
to the two general forms found in this article, namely, 


(w-h}?-+(y—k)?=a%, 
and a*-+-y?-+2g¢+2fy+c=0. 
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Il. The graph of the equation x? + y? + 29x +2fyt+c=0 is a 
circle. 

We can write the equation thus 

(x? + 2ga) + (y? + 2fy) = —c. 

If we add g? to a+2gx and f? to y2+2fy we make these 
expressions complete squares. ; 

Add, then, g?+f? to both sides of the equation. 

. (a + 2gu +9?) + (y? + 2fy +f?) =g? +f? -C, 
“. (+9)? + (y+f)?=97 +f? —c=constant. 

This equation states 
that the square of the 
distance between the vari- 
able point (#, y) and the 
fixed point (-g, —/f) is 
constant. 

Hence the distance 
between these points is 
constant. 

The locus of (x, y)— 
that is, the graph of the equation «+ y? + 2gx + 2fy +¢c=0— 
is therefore a circle with centre 

(-g, —f) and radius ,/9?+f?~c. 

Note that the co-ordinates of the centre are half the co- 
efficients of x and y with the signs reversed. 

Corollary.— ka* + ky? + 2ga+2fy+c=0 is the equation to a 
circle. 

Divide both sides by k, ' 

29, af 


oe D+ Yr + n+ hy 45-0, 


An equation such as this we have just shown to be that of 


a circle with its centre at the point ( -{, ie) 


The form of the equation in the corollary arises when the 
co-ordinates of the centre are fractions. 


Remark.—In all our theory we shall assume that the equation 
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to the circle has been arranged so as to have unity for the 
coefficients of a* and y. 


Examp.e 1.—F ind the centre and radius of the circle 
xv+y?+6a -4y-3=0. 
We have (x?+6x)+(y? — 4y) =3, 
os (0? + 62+ 9)+(y? - 4y+4)=9+4+43, 
+. (w+3)?+(y - 2)?=16. 

Hence the point (a, y) moves at a distance of 4 units from the 
point (-—3, 2). 

The centre of the circle is therefore at the point (- 3, 2), and its 
radius is 4 units. 


Exampie 2.—Find the centre and radius of the circle 
- w+y*—2¢-10=0. 
We have (x? — 2x) +y?=10, 
ot. (x? -2¢+1)+y?=1+10, 
.. («© -1)?+(y-0)?=11. 
The centre is at the point (1, 0) and the radius is ,/11 units. 


Exampre 3.—The centre of a circle is at the point (3, 4) and it 
passes through the origin, find its equation. 

(i.) Let a be the radius of the circle. 

Then since (3, 4) is its centre we have (x — 3)?-+(y - 4)? =a 

But the origin lies on it, 

ROA Geer WEY 
wt. (w—3)?+(y— 4)? =25. 

(ii.) Aliter.—lf C=(3, 4) is the centre, then OC is a radius of the 
circle. 

Now OC?=9+16 


The equation to the circle is therefore 
(x — 3)2+-(y — 4)2=26 (Art. L), 
1. vy? — 6x — 8y=0 as before. 
Il. Intersections of a straight line and a circle. 
The procedure is exactly the same as in the simpler case, 
when the origin was the centre of the circle. 
Examples will make this clear. 
Exampre 1.—Find the intersections of the straight line y=2a-+1 
and the circle «*-+-y? - 3x+-2y -4=0. 
Eliminate y, . 
.. w+(2e-+1)? - 3~+2(2e+1)-4=0, 


.°. 027-+52 — 1=0, 
“2 ¢=-17-or = 1717 (neatly). 
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The values of y corresponding are obtained from the equation 
y=2xe+1. They are . 
y=1-34 or — 1:34. 
The points of intersection are (-17, 1:34) and (- 1-17, — 1-34). 
EXAMPLE 2.—Show that the straight line 5u+2y=18 touches the 
circle x*+-y?-+a - by +2=0. 
Since 54+2y=18, 
18 - 5x 
7° 
Substitute for y in the equation to the circle. 
& 2 aay 
(ls zee : Bhs Pr)a glo, 


+2 


.*. 292? — 116z+116=0, 
Cetin cai brn ey eee G)s 
*, (v—2)7=0. 
_ Since both values of xz are the same, it follows that the straight 
line cuts the circle in two coincident points. It is therefore a tangent. 
1V. The common chord, and points of intersection of two 


circles. 


Y| 


tyler 


Let the equations to two circles be 
a? + y2 + Q2g,x + 2fyy +e =0, 
and x? + 7+ 2gou + 2foy +c, =0. 
Let them intersect at the points (a, y,) and (#2, 2) 
Then since (x,, y,) is a point on both circles we have 
Oy + yy? + 2gya, + Afiy, + 4 =9, 
and 242+ y4? + 2goa, +2 foy + ¢,=0, 
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Subtract, 

"291 ~ Go) + 2( fi ~fo)y1 + (41 — &) =9. 

Simuilasky. 

2(91 ~ J2)#2 + 2( fi —fo)Y¥o + (C1 — Ca) = 9. 

These two equations show us that the points (x, y,) and 
(22,2) lie on the straight line 2(9, —g_)% + 2(f, —fo)y + (cy — ¢) =0. 

In other words, this is the equation to their join. 

But since by hypothesis the points lie on the circles, therefore 
this is the equation to the common chord. 

We remark that the equation of the common chord is found, 
simply by subtracting the equations to the two circles, it being 
understood that the coefficients of x? and y? are, or have been 
made, unity. 

It should now be obvious how to find the co-ordinates of 
the points of intersection of two circles. The equation to the 
common chord having been found, it merely remains to find 
where this line cuts one of the circles. It will do so in two 
points real, coincident, or imaginary like any other straight 
line. It follows therefore that two circles intersect in two 
points real, coincident, or imaginary. 

Examete 1.—F ind the equation to the common chord, and the 
points of intersection of the¥two circles x?+y?+a-4y—-11=0 and 
vty? — lle -14y+3=0. 


(i.) Subtract the second equation from the first, and we have the 
equation to the common chord. 


It is 12~%+10y-14=0 
or 6x+5y—-7=0. 
(ii.) To find where the circles intersect we shall find where the 
common chord cuts the first one. 
From last equation we have 


2 rete 6x 
dere 5 7A 
By substitution in the equation 2*-+-y?+-a%-—4y-—11=0 we have 
za LEY 4g MT 82) 91 0, 
*, #+a-6=0, 
‘e206 =o: 


From the equation to the common chord we have 
y=-lor 5. 
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a points of intersection of the two circles are (2,-1) and 


EXAMPLE 2.—Show that the circles x?+-y? - 8u-4y+10=0 and 
x*+y* — 10x -10y+10=0 touch each other. 

On subtracting the two equations we find that the equation to 
their common chord is 

2x%+6y =0. 
That is, iY : : = (A)y 
Substitute for ~ in the equation 
v2+y? — 84 -4y+10=0, 
7. Oy? +y?+24y - 4y+10=0. 
Whence y2+2y+1=0, 
. (y+1)?=0. 

Hence both values of y are —1. 

The line therefore cuts the circle in two coincident points. 

It follows that the circles intersect in these two coincident points. 

The equation to the common chord gives us «=+3, when 


Yoyo. 
The circles therefore touch at the point (3, - 1). 


EXAMPLE 3.—Prove that the circles a?+y?-3x%+2y-1=0 and 
v*+y* —4r4+y+3=0 have no real points of intersection. 
The equation to the common chord is 
x+y-4=0, 
. y=4—-4. 
Substitute in the equation 
v+y? — 3x+2y-1=0, 
-.*, 207 — 1382-+23=0, 


The number under the radical being negative the values of x are 
unreal, hence the points of intersection are imaginary. 


V. Find the equation to the pair of lines joining the origin to 

the intersections of the line le+my=1 and the circle 
ao? + y2 + 2gx + 2fy+c=0. 
Consider the equation 
a+ y? + 2(gx+fy)(la+my)+e(la+my)?=0 . (1). 

We see that it is formed by using the left-hand member of 
the linear equation to render all parts of the equation to the 
circle, homogeneous and of the second degree. 

Now any point that satisfies both the equation to the line 


and the equation to the circle will satisfy last equation. 
N 
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For let the line and the circle intersect at a point (2%, 4). 
If this is a point on the last locus, then must 
Dy + Yq? + 2( Gary + fy) (lay + my,) + o(la, + my,)? =0. 
But Ix, + my,=1, so it follows that we must have 
By + yy? + (ga, +fy,) +e=0, 

which is true since (2, y;) lies on the circle. 

Simplify equation (1) and collect terms, 
w. (1 +291 + cl?)x? + 2(gm + Uf + clm)axy + (1 + 2fm + em?)y? =0. 

This equation is homogeneous and of the second degree in 
xv and y. 

It is therefore the equation to a pair of straight lines passing 
through Q. . 

We have already shown that they pass through the inter- 
sections of the straight line and the circle. 

No more than the principle of this article should be re- 
membered. 

Exampie.—Jlind the equation to the pair of lines joining the origin 


to the intersections of the. straight line 3u-2y=2 and the circle 


xu*+7? - 6a - 4y - 40=0. 
We have a6 5 2y _ 1 


(8a — 2y) 
2 


— 9a)2 
os ay? — 2(3a-4+-2y) - 493% Ale =0, 


w. A(x? +4") — 4(92? — 4y?) — 40(3a - 2y)?=0, 
whence 982? - 120¢y+35y?=0. 


VI. MISCELLANEOUS EXAMPLES 


EXAMPLE 1.—Find the equation to the circle which passes through 
the three points (6, 0), (—4, 0), and (0, 8). 
Let the equation to the circle be 
x+y? + 2gxe-+2fy+c=0. 
Then since the points (6, 0), (-4, 0), and (0, 8) lie on it we have 


36+129+c=0 Meyer: O77. 
16- 8g+c=0 EN pe 
64+16f +c=0 a Ma 


On solving equations (1) and (2) we have 
a= -landc= — 24. 
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Equation (3) then gives us f= — 3. 
The equation to the circle is therefore 
x+y? — 2x - By -24=0. 


EXAMPLE 2.—Find the equation to a circle passing through three 
given points not in a straight line. 
ah (2, Y1)> (%s Yo), and (x3, y,) be three points not in a straight 


Let x?+7?+29x+2fy+e=0 be the equation to the circle passing 
through them. 

We notice that there are three constants in the equation to the 
circle, and we have to show how these are determined when three 
points are assigned. 

Since the three points lie on the circle, 


apt yet+2gn,+2fy,tc=0 . . (1), 
Ly? + Yo? + 29% + 2fy2+ce=0 Q - (2), 
we+yy+2gu,+2fy,to=0  . . (3). 


We now have three linear equations in g, f, and c, which are 
therefore uniquely determined. (Compare Example 1.) 


ExameLe 3.—Through the point H=(4, 2) a line is drawn per- 
' pendicular to OH, cutting OX and OY at A and B respectively. The 
line x=1 cuts AB at P. PN is perpendicular to OX and PM to OY. 
Prove that MN is a common tangent to the circles through H, M, and B, 
and H, N, and A. 

The gradient of OH is 2, es 
that of ABis -4or -2. Y 

The equation to AB is therefore 

y —-2= —2(”%-4) (Chap. IX.), 
‘, 2a+y=10, 
*. A=(5, 0) and B=(0, 10). 

The line x=1 cuts 2v-+-y=10 where 
x=l and y=8. 

Hence we have 

P=(1,-8), 7=(0; 8), N=, 0): 

We must now find the equation to 
the circle through H=(4, 2), M=(0, 8), 
and B=(0, 10). 

Let the equation be 

v+y?+2gx+2fy+c=0. 
Then since (4, 2) si on it, 
eS +c=0, 


.89+4f+c=-20  . , aoe (Ls 
Similarly, since (0, 8) rand (0, 10) lie on it, 
16f+c= -64 . ; en) 


ananeuekes 100,00... 4+ (8). 
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On solving the last “here equations we have 
f= -9 and c=80. 
Equation (1) then gives us g= — 8. 
The equation to the circle is therefore 
u+y? —-16x-18y+80=0. - ees (5) 
Now the equation to MN is 


Sor (Chap. IIT.) 


or 84+y=8 . (5). 
We have to show that this line cuts the circle-a in two coincident 
points. 
Equation (5) gives us 
y=8 - 8a. 


Substitute ie Bont (4). 

+(8 - 8x)? - basa 18(8 — 8z)+70=0, 

ne Os 
. both oS of x are zero. 
Hence MN cuts ie circle in two coincident points. 
By equation (5) when «=0, y=8. 
Thus the point of contact is (0, 8) or MZ. 
Similarly, JZN can be shown to touch the circle through H, NV and 
A at N. 


Exameie 4.—B is a fixed point on the y-axis. Through O and B 
lines are drawn at right angles to one another. Find the locus of their 
intersection. 

Let the lines intersect at P=(z, y). 

Let B=(o, b). 


The gradient of OP is a 
The gradient of BP is Jet 
But OP and BP are at right angles, 
Pe  echiraonh 
aa 

. e+y? — by= 
The locus of P is a ah whose Aste is at the mid-point of OB. 
EXAMPLE 5.—A point C is taken on the x-axis and a circle is 

described having this point as centre. 


Ve Any point P is taken on the vireum- 
ference. Find the locus of the mid- 
point of OP. 

o Let Q be the mid-point of OP. 
Let P=(a, y,) and Q=(2’, y’). 
x Then 
%=22 and y,=2y’ . (LU): 


Let C=(g, 0). 
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Then the equation to the circle will be 
+y* -2gx+c=0 (Art. IT. 2 
But P lies on the oe 
+y," — 2gx,+c=0. 
*. (22 er Be g(a )--¢=0 (by (1)), 
which gives ee’?+-44/ — 49x’ +c=0. 
The locus of Q=(a’, y’) is the circle whose equation is 
4y?+4y? — 4gx-+c=0. 


Its centre is at the point (Zo 0). 


EXAMPLE 6.—Find the equation to the circle on the join of A=(x4, ;) 
and B=(a, Ya) as diameter. 
Let P=(a, y) be any point on the locus. 


Then the gradient of AP is © oS ~ - and that of BP is ©. as a 


Now AP is perpendicular to y BP by the geometry of 2 a circle. 

oe Y¥-" x hee Yo _ aa | 

Gt, L—Le s 
*. (Y-Y)(Y — Yo) +(x — @1)(u — x) =0 is the required equation. 
If we multiply out and collect terms we have 
aw? +-¥? — (a +-Wq)a — (Yy +Yo)Y +44 %2 + YrYo =O. 
The method of this ee: should be remembered, but not the 
equation. 


Exampie 7.—A and B are two fixed points. P moves so that 
AP=3bP. Find the locus of P. 

Take AB as axis of x and its right 
bisector as axis of y. 

Let AB=2a so that A=(-a, 0) and 


Bz=(a, 0). 
Let P=(x, y). 
Now AP=36P, 


pee == ORs, 
*. (cpaP+y=9{(e-aP+y}. 
Whence 827+ 8y? — 20ax-+ 8a? =0. 
The locus of P is therefore the circle 
2a? + 2y? — 5ax-+2a?=0, 


Examein 8.—Chords of a circle are drawn through a fixed point B. 
Pind the locus of their mid-points. 

Let O be the centre of the circle, a its radius. 

Take OB as axis of y 

Let PQ be any chord each passes through B, and let & be its mid. 
point. 

Let P=(%, n)s Q=(Xy Yo), and R=(a’, y’). 
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The equation to PQ will be 
y=mx-+b (Chap. IIT.). 
The equation to the circle is 
Q x +y? =a". 
We have as usual 2?+-(ma+b)?=a? 
X by otenasion of y. 
*. (1+m?)a?+ 2bma-+b? — a?=0. 
Now x, and x, are the roots of this 


equation, 
+%= - 2bm 
wy 2 1+m? 
af = - 4s ip foe "ok 
But y’ =mz2’ +b since £# is a point on PQ. 
, bm? b 
CE i= hy es ee lim . (2): 


Now m, the parameter of the pencil of chords, must not appear in 
the equation to the locus. 
Results (1) and (2) give us 


x 
Voce . . ° . (3). 
Again, since y’ =m’ --b, 
ena) 

.m=t ree 
geal at d4 
7 yee ) 

ar’? -y2 — by’ = =(: 


The locus of R=(#’, y) is the circle 2?-+y? - by=0. 


EXAMPLE 9,—A straight line cuts XX’ at A and YY’ at B. Any 
line perpendicular to it cuts the x-axis at P and the y-axis at Q. Find 
the locus of the intersection of AQ and PB. 

Let A=(a, 0), B=(o, b), and R=(2’, y’). 

The equation to AB is 


ey 
a bce 


y ste kis the equation to a line PQ 


perpendicle to it (Chap. III.). 
P=(-bk, 0) and Q=(0, ak), 


. =" ¥ _ = 
Aga 4 5 1 or kx+y=ak, 


Oe ais 
and BP= te lor a2-ky bk. 
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Now R=(z’, y’) lies on these lines, 


.. kx’ +y’=ak . : : erred) 
and a’ — ky’= -— bk 3 : oy a(2)s 
Eliminate the line Lie k. 
By (1) we have ae y and by (2) ees — 
y a’ 


Uae cy 
which gives 2*+-y’2- ax’ — by’ =0. 
The locus of R=(x’, y’) is the circle z?+y? — ax - by=0. 


RESUME 


1. The equation to the circle with centre (h, &) and radius 
a units is (x —h)?+(y—k)?=a?. 

Cor.—(a — h)? + (y — k)? =0 is the equation to a point circle at 
(ae | 

2. a+ y?+ 29x + 2fy+c=0 is the equation to a circle whose 
centre is at the point (-g, —/f). 

3. The equation to the common chord of two circles is found 
by subtracting the equations of the circles, in which the co- 
efficients of x and y? must be unity. 

4, The points of intersection of two circles are obtained by 
finding where the common chord cuts one of them, 


EXAMPLES 


1. Find the locus of a point which moves at a distance of 4 units 
from the point (5, 3). 
2. Work out the equations of the following circles. 
(i.) Centre (4, 2): radius 3 units. 
(ii.) Centre (-— 6, 5): radius 2 units. 
(iii.) Centre (0, 3): radius 5 units. 
(iv.) Centre (-2, 0): radius 4 units. 
3. Obtain ab initio as in Article Il. the centres and radii of the 
following circles : 
(i.) w+y? - 2x -6y+6=0, 
(ii.) v?+y?+4e -8y+11=0, 
(iii.) w?-+-y? - 62-+8y=0, 
(iv.) 6z?+ 6y? — 16%-+-20y = 15. 
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4. Find the area of the circles: 


(i.) v+y? - 12% -5=0, 
(ii.) 4a2-+4y? — 20a+24y+1=0. 


5. Write down the equation to the system of concentric circles 


whose centre is the point (-5, 2). Obtain the equation to the | 
point member of the family. 


6. Find the equation to the point member of the concentric 
system drawn round the point (3, — 1). 


7. The centre of a circle is at the point (-3, 4), and it passes 
through the origin. Find its equation. 


8. Circles of fixed area are drawn so that all their circumferences 
contain a given point. ind the locus of their centres. 


9. A circle of radius 5 units is drawn through the origin and has 
its centre at a distance of 4 units from YY’ and on the positive side 
of it. Show that two circles can be drawn and find their equations. 


10. Find the equation to the circle on the join of the points 
(5, 2) and (-1, 4) as diameter. 

(Use the condition mym,=-1 for perpendicular lines as in 
Ex. 6, Art. VI.) 


1]. Any line is drawn through the point (0, 3) and a perpendicular 
is drawn to it from the origin. Find the locus of the foot of the 
perpendicular. (Art. VI, Ex. 4.) 


12. AB is a given straight line. P is a variable point such that 


the square on AP is equal in area to AAPB. Prove that the locus 
of P is a circle. 


13. CA and CB are two perpendicular lines of given length. P 
is a variable point such that the square on CP is equal in area to 
the quadrilateral CAPB. Prove the locus of P a circle. 


14. A circle passes through two fixed points A and B and has its 
centre at a point C, on the right bisector of AB. 
Take AB as axis of x and its right bisector as axis of y. Let 


Az=(a, 0), B=(-a, 0), and C=(o, c). Work out the equation to the 
circle. 


15. A point is taken on the v:axis and a system of concentric 
circles is drawn round it. Tangents are drawn from the origin to 


the members of the family. Prove that the locus of the points of 
contact is a circle. 


(Hint.—Use the fact that the tangent is perpendicular to the 
corresponding radius.) 


16. A circle is drawn with centre (0, 5) and radius 2 units. P is 


a variable point on it. Q is taken on OP so thatOQ=30P. Find 
the locus of Q (Art. VI., Ex. 5). 


ART. VI EXAMPLES 185 


17. Find the points of intersection of the straight line y=2a-1 
with the circle #+-y? — 5a —- 3y+6=0. 


18. Find where the circle 2?+-y?-4a+y=27 cuts the straight 
line 3a —-4y+17=0. 

What is the length of the chord cut off and where is its mid-point ? 

19. Prove that the straight line 3r=y+13 touches the circle 
x+y? — 4a — 6y+3=0 and find the point of contact. 

Draw the graphs, 

20. Show that the line 8r+31y = 100 touches the circle 

4a? + 4y?+32¢ —-y=0 

and find the point of contact. 

21, Show that the line 2~-3y+12=0 does not cut the circle 
u*+y?+6x2+10y+20=0. 


22. The circle #+y?+29x+2fy+c=0 cuts XX’ at two points 
Aand B. Find the value of OA- OB and so obtain the length of the 
tangent from O to the circle. 


23. Find the common chord and points of intersection of the 
circles #*+y"+4a - 12y+14=0 and x+y? - 14x+6y - 22=0. 

24. Find the common chord and points of intersection of the 
circles 2?+-y* — 14x -6y+32=0 and 2?+y?+4a - 18y+20=0. 

25. Show that the circles 

xu*+y" — 12x - 8y+42=0 and 92? + 9y?+ 18x - 30y - 126=0 

touch each other and find the point of contact. 

26. Prove that the circles 

ety? — 12x -3y -18=0 and #+y?+47+9y+18=0 

touch at the point (0, — 3) and find the equation to the common 
tangent. 


27. In the last four examples find the equation to the line of 
centres of each pair of circles. 
Find also the distance between the centres. 


28. Find the equation to the circum-circle of the triangle whose 
vertices are (0, 0), (1, 4), and (3, 0). f 

29. Find the area of the circum-circle of the triangle whose 
vertices are the points (0, — 1), (0, 2), (3, 4). 

Find also the equation to the diameter through the origin. 

30. Prove that if a parallel be drawn through the centre of the 


circle z?+y? — 2/y =0 to the x-axis, it will meet the bisector of XOY 
on the circle. 


31. Find the distance of the centre of the circle 
xv? +y2+29x+2fy+c=0 
from the line l~a+my=1. If this distance is always constant what 
is the locus of the centre ? 
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32. (i.) Find the condition that the circle #7+y?+2gxa+2/fy+c=0 
should pass through the origin. 

(ii.) Find the conditions that XX’ should touch it at O. 

(iii.) Deduce the locus of the centres of all circles which touch a 
given line at a given point. 

33. Prove that the locus of the mid-points of chords of a circle 
which pass through a given point is a circle. 

(Hint.—Take the centre as origin and the diameter through the 
given point as y-axis. See Ex. 8, Art. VI.) 


34. A rod is free to turn in a vertical plane round a fixed peg. 
A lead bullet is suspended by a string fixed to the end of the rod. 
Show that the path of the bullet as the rod turns is a circle. 


35. A and B are two fixed,points. P is a variable point such that 
AP:PB=2:3. Prove that the locus of P is a circle. 


36. In last example show that the circle cuts the line AB harmonic- 
ally at points C and D (see Chap. VIL). 


37. Write down the equation to a circle whose centre is at the 
point B=(0, 6) and which has LO as radius. Prove that it touches 
XX’. 

38. O is a fixed point on the circumference of a circle, while P is 
a variable one. OP is produced its own length to Q. Prove that 
the locus of Q is a circle. 


39. Any point P is taken on the circumference of a circle whose 
centre is at the point (2, 4) and whose radius is 3 units in length. 

On OP a point Q is found such that OQ=20P. Prove that the 
locus of Q is a circle. 


40. ABC is a triangle right angled at C. A variable line per- 
pendicular to AB meets AC at P and BC at Q. Prove that the locus 
of the intersection of AQ and BP is the circum-circle of A ABC, 
(See Ex. 9, Art. VI.) 


41. A is a fixed point on a circle whose centre is C. AP is a 
variable chord of the circle. If Q is the mid-point of AP prove that 
its locus is a circle through A and C, touching the perpendicular to 
AC at A. 


42. Aisa fixed point on OX and B one on OY. C is another 
fixed point such that OACB is a quadrilateral of area c sq. units. 
P is a variable point such that the square on OP is equal in area to 
the quadrilateral ACBP. Prove that the locus of P is a circle. 

Derive a geometrical interpretation of the equation 


x2+y?+2gx-+ 2fytc=0. 


CHAPTER XI 
TANGENTS : NORMALS: CHORDS OF CONTACT 


Tae analytical principles now to be applied to the general 
equation to a circle, are the same as in the simpler case, 
where the origin was the centre. Chapter VI. ought therefore 
to be revised. 

I. Find the gradvent of the chord jouning the points (x1, y;) 
and (a, Ya) on the circle a2 + y* + 2gu + 2fy+c=0. 

The gradient of the line through the given points is 

aes (Ohapedits. 2" | Ss yd 

Since the points lie on the circle, | 

we By + yy? + ga, + 2fy, +c=0 
and 25? + yp" + 2gx_ + 2fy.+c=0. 
Subtract, 
ws (ay? — 92) + (Ys? — Yo?) + 2G (Hy — Hp) + 2f(Y1 — Yo) =0, 
ws (1 — Lp)(Hy + Ly + 2g) + (Ya — Yo)(Y1 + Yo t 2f) =0, 
ws (1 — L_)(@y + Ly + 29) = —(Y4 — Yo)(Ya + Yo + 2f), 
_ My +hy+29 _ 91 - Yo (2) 
t+ Yn+2f tay ‘ : ; ‘ ; 
= gradient of the chord [by (1)]. 

When finding the gradient of the chord joining two points 
on a circle the ordinary form (1) of the gradient can be used, 
but the form deduced in (2) has a particular advantage when 
we come to deal with the tangent, where the extremities of the 


chord coincide and we have to proceed to a limit. 
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Exampie 1.—Find the slope of the chord Og the points (2, 3) 
and ( -1, 4) on the circle x+y? — 2a —10y+21=0. 
(i.) Use the expression for the gradient just found. 
We have g= - 1 and f= — 5, 
Ly +%_ +29 
.. tan v= ie abe 
41 F+Yat2f 
J Ba nd 
~ 3+4+4-10 
= 1 
=-}, 
y=161° 34’. 
(ii.) Use the ordinary expression for the gradient, 
. =" 
. tan y= aoe 
_3-4 
yo 
= 4, 
.. y=161° 34’ as before. 


ExameLeE 2.—The line drawn from the centre of a circle to the 
mid-point of a chord, is perpendicular to the chord. 
Let the equation to the circle be se +29¢+2fyte=0. 
Then its centre is at the point (-g, - 
Tf (a, y,) and (x, Y2) be the Siirnites of the chord, then its 
mid-point is (a5 Yu yt), 
Hence the gradient of the line joining the centre to this point is 
2f 
by Chapter 11, 2Ut¥) +! that is, wtYet 
if F 3(Xy +2) +9 +a, +2g° 
Now we have proved that the gradient of the chord is 
_ My +82 +29 
Yat Yo +2f" 


The product of the gradients of the line and the chord is there- 
fore -1. 


It follows that the two lines are perpendicular (Chap. III.). 

Il. Find the gradient of the tangent at the point (x, yy) on 
the circle a* + y? + 2gu + 2fy +c=0. 

We saw in last article that the gradient of the chord joining 
two points (2, y,) and (#, y) on the circle icgh toe 


Yr + Yot fF 
In the case of the tangent these two points coincide. 


. y=, and Y= yy. 


: i 2%, + 2g vy+9 
The gradient of the t tis therefore — 1 apes SE SY 
g e tangent is therefore y+ Of or eee 
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Examepxe 1.—Find the slope : the tangent at the point (-1, 4) on 
the circle x?+-y? — 2% - 10y+21= 
In this example g= - 1 and pe = -5. 


Hence the gradient of the tangent at (-1, 4)=-——— "= -¥, 
The slope is therefore 116° 34’. 


EXAMPLE 2.—At what points on the circle a? +y* — 4¢+6y -11:2=0 
is -5 the gradient of the tangent ? 

Let (x1, y) be such a point. 

Then since y= — 2 and f=3, the gradient of the tangent is 


_%-2 
- Ys’ 
_%—+4 a re . 
para (by hypothesis), 
*.Y,= —2x,+1 : 3 5 (i: 
But since (2, y,) lies on the circle, 
+, t+," — 4a,+6y, - 11-2=0 : 2 (4p 


Hence by (1) and (2), 
x47 +( — 2a,+1)? — 4a, +6( - 2”,-+1) - 11:2=0, 
.*. 52,” — 20x, — 4-2=0, 
*, %,=4:2 or --2, 
.. Yy= — 19-4 or 1-4 (by 1). 


Exame te 3.—Prove that the line joining the centre of a circle to the 
pont of contact of a tangent is at right angles to the tangent. 

Let 2?+y?+2g97%+2fy+c=0 be the circle. 

Let (a, y,) be the point of contact of a tangent. 

Then since the centre of the circle is at the point (-g, —/), it 
wAtS 


follows that the gradient of the line joining it to (a, y,) is ey, 
1 


But the gradient of the tangent is — ee 
1 


The product of the gradients is therefore -1, so that the lines 
are perpendicular. 

III. Find the equation to the tangent at the point (x, yy) on 
the circle a? + y? + 2gx + 2fy+ce=0. 

In Chapter VIII. it was shown that y—y,=m/(%—2) is the 
equation to a line passing through the point (2, 4). 

Now in the case of the tangent 

a +9 


= (Art. Il. 
m= y+ +f | VF 
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The equation to the tangent is therefore 


Whence (a —2,)(%, +9) + (y- (Ya +f) =9, 3 
2. (a +9)" + (Ya tfly — 2? - yx? — 9% — fy =9- 
But (a, y;) lies on the circle. 
w. OP + y4? + 29x, + 2fy, +e=0. 
Hence by addition 
(mj +9) e+(Yitfytgrtfyte=0  . (1). 
This last equation can be written in a form easy to recall. 
Multiply out in equation (1) and collect terms as follows : 
CH + YYy +. G(@ +04) + fly +41) +e=0 - (2). 
Now if we express the terms in the equation to the circle in 
full the result is 
wn + yy +g(a+2a)+flyt+y)+e=0. 
In each term now replace one x or y by an a, or a y, as the 
case may be, giving 
C0, + YY, +9(@+21) + f(y +4) +e=0, 
which is the equation (2) found above. 


ExameLeE 1.—Find the equation to the tangent at the point (3, 2) 
on the circle x*+-y?+10a-+-6y - 55=0. 
On writing the equation to the circle as directed above we have 
ae+yy+5(e+2)+3(y+y) - 55=0. 
Then on replacing one x by 3 and one y by 2 in the appropriate 
terms, we obtain the equation 
30-+2y +5(a-+-3)+3(y+2) - 55=0, 
.. 87-+5y -34=0. 


EXAMPLE 2.—Obtain the equation to the tangent at the point (2, — 5) 
on the circle «*+-y* — Ta - 9y - 60=0. 
As usual we write ax--yy — (w+) - $(y+y) - 60=0. 
Then 2a — 5y - $(#+2) — $(y - 5) - 60=0, 
.. 34+19y7+89=0. 


ExameLe 3.—Find the length of the perpendicular from the centre 
of the circle x*--y? — 4a —8y+10=0 to the tangent at the point (3, 1) 
and prove it equal to the radius. 

The equation to the tangent at the point (3, 1) is found by the 
usual process to be 

x—-3y=0, 
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The centre of the circle is at the point (2, 4). 
Hence the length of the perpendicular from the centre to the 
22 
tangent 9 (Chap. V.) 
=:,/10 (neglecting sign). . neh): 
As shown in last chapter the equation to the circle can be written 
(a — 2)? +(y - 4)?=10. 
The radius of the circle is therefore 
/10 ; ea (2) 

Hence the perpendicular is equal to the radius. 

IV. Find the equation to the normal at the point (x1, yy) on 
the circle a7 + y? + 2ga + 2fy+ce=0. 

The normal to a curve at a point on it, is the perpendicular 
through the point to the tangent there, as has already been 
stated in Chapter VI. 

Since the gradient of the tangent at the point (x, 4) 1s 

_%mt9 Ath 

ee +9 
The equation to a line through the point (2, 4) is 


Y —Yy=M(&— 4). 


that of the normal at the same point is 


In the case of the normal mata tt as we have just shown. 
2 1 
+ 
YH y= 2 i (7-24), 
ie (ae laa a: 
Wtf +9 


This is the equation to the normal. 


EXAMPLE 1.—Write down the equation to the normal at the point 
(3, 2) on the circle x*+-y?+- 102+ 6y — 55=0. 
In this example g=5, f=3, x,=3 and y,=2. 
The equation to the normal is therefore 
y-2_ x-3 
24+3 384+5 
.. 5a —-8y+1=0. 


Exampie 2.—Prove that the normal to a circle passes through the 


centre. 
Let the equation to the circle be 


v+y?+29r+2fy+c=0. 
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Its centre is at the point (--g, —/). 
The equation to the normal is 


YER Sy 
Wtf Bt ™ 
This line passes through the centre if 
payee Gre 
Af eg” 


That is, if -l1=—-1. 
Hence the normal passes through the centre. 


V. Find the equation to a circle when the axes of reference are 
the tangent and normal at a point on tt. 
We shall use the fact that the normal passes through the 
Van uae centre. 

Let C=(o, k) be the centre 
of the circle, so that the radius 
is k units long. 

Then the equation is 

22+ (y—kP=R, 
H “ J. a+ y? —2hy =0. 


VI. Exameie 1.—A pair of tangents is drawn from the point 


(10, 4) to the circle a*+y?-2¢-6y-3=0. Find the equation to 
their chord of contact. 


Let the tangents touch the circle at the points (x, y,) and (a, ys) 
The equation to the tangent at the point (x,, y,) is 
aay + yyy — (@ +4) — 38(y +41) -3=0. 
But the point (10, 4) lies on this line, 
- 10a,+4y, - (10+) - 3(4+y,) -3=0. 
*. UX +Yy — 29=0. 
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It follows that (a, y,) lies on the line 9x-++-y - 25=0. 


Similarly it can be shown that the point (x,, y,) lies on this line. 
Hence 9x+y-25=0 is the equation to the line which passes 
through the points (a, y,) and (x, y,), or in other words it is the 
eae to the chord of contact of the tangents from the point 


EXAMPLE 2.—A pair of tangents is drawn from the origin to the 
corcle 2-+y?+10x+18y+2=0. Find the equation to the chord of 
contact. 7 

Let the points of contact be (x, y,) and (x, yp). 

The equation to the tangent at the point (a,, y,) is 


ET YY + (L+H) + 9(y +41) +2 =0. 
Now this line passes through the origin, 
-. 5%,+9y,+2=0 

The point (a, y,) therefore lies on the line 57+9y+2=0. 

Similarly, it can be shown that the point (2, y,) lies on this line. 

Hence the equation is that of the line joining (2, y,) and (%, Yo), 
that is to say, it is the equation to the chord of contact of the tangents 
from O to the circle. 


VII. Find the equation to the chord of contact of the paw of 
tangents drawn from the point (x’, y’) to the circle 

w+ y? + Qgx + 2fy +c=0. 

The method used in the two examples of last article is quite 
general, so that the reasoning applicable to the general case 
should be easy to follow. 

Let (a, 1) and (x2, Yo) be the points of contact of the tangents 
from (z’, y’) to the circle. 

The equation to the tangent at (7, y;) is 

bay + YYyy + (e+ 21) + fly + yy) +e=0. 

But (x, y’) lies on this line, 

1 Oty + YY + Ge +2) + f(y’ +41) +¢=9, 
we (a +9)a,+(y' +flytge' +fy’ +e=0. 

It follows that (x,, y,) lies on the line 

(a’ + g)u+(y' +f)y+gu' +fy’ +c=0. 

Similarly (x2, Yo) is a point on this line. 

Hence the equation is that of the line joining the points 
(x, y4) and (2p, yz), or in other words it is the equation to the 


chord of contact of the tangents from (z’, y’) to the circle. 
: ro) 
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It can be arranged and written thus: 
va’ +yy' +9(ut+a’')+fly+y’)+e=0, 

showing that its form is the same as that of a tangent. 

The point (2’, y') does not, however, satisfy the\equation 
to the circle as it does not lie on the circumference. 

The procedure followed in writing down the equation to a 
tangent is obviously employed in the case of the chord of 
contact. 


ExampteE 1.—Obtain the equation to the chord of contact of tangents 
drawn from the point (—9, 2) to the circle 2?+-y? — 2a -2y+3=0. 
As in the case of the tangent we write 
xa tyy — (x%+a) -(y+y)+3=0, 
ow. —9x-+2y —(%- 9) -(y+2)+3=0, 
. 10x-y=10. 


Exame.e 2.—Find the equation to the chord of contact of tangents 
drawn from O to the circle x*+-y? — 2a -2y+3=0. 
As before we write 
wx+yy —(x+a) -(y+y)+3=0. 
The required equation is therefore 
-y+3=0 
or «+y=3. 


Examece 3.—If (x, y;) lies on the chord of contact of O with respect 
to the circle of last example, then O lies on the chord of contact of (x3, Y1)- 
We found that the chord of contact of tangents from O is e¢+y=3. 
Since (2, ¥,) lies on it, 
+y,=3 . namal))s 
Now the equation to the aha of contact of (ty 41) is 
a wy +YYy — (V+04) — (YAY) +3 = 
This line passes through the origin if — 2, — ae 0; 
which is true in virtue of (1). 
The chord of contact of (a, y,) therefore passes through O. 
VIII. Find the length of the tangent drawn from a fixed point 
(24, Y1) to a gwen circle. 
Let the radius of the circle be @ units and let its centre 
be C=(h, k). 
The equation to the circle is therefore (x — h)? + (y — k)? =a?. 
Now PT?=CP?2-CT?, 
*, PT? =(a,- oi +(y,—h)?- a2, 
*, PT = ,/(a, —h)? + (y, —&)? -a?. 
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The expression for PT? is easily obtained as follows. 
Arrange the equation to the circle thus: 
(a —h)?+(y—k)?-a?=0. 
In the left-hand member put =a, and y=y, and PT? is 
the result. 


Corollary.—If the equation to the circle is 
x? + y? + 29x + Afy+c=0, 
then PT* = 4,2 + yy? + 29a, + 2fy, +0. 
Note.—The equation to the circle must be arranged so as to 
have the coefficients of x? and y* unity. 
Examece 1.—Find the length of the tangent drawn from the point 
(10, 3) to the circle x?+y? - 2a+4y -1=0. 
We have PT?=100+9 — 20+12 -1, 
= 100, 
‘eke = 10; 


Exampie 2.—Find the length of the tangent drawn from the point 
(2, 1) to the circle x*+-y? — 2x-+4y - 12=0. 


In this case PT?=4+1-4+44-12, 
=-—, 
os PT arn] Sut 


Now /-7 is an imaginary number, hence no real tangent can 
be drawn from the point (2, 1) to the circle. 
The point (2, 1) lies inside the circle. 


Examp.e 3.—Find the length of the tangent drawn from the origin 
to the circle of last example. 
We have OT*= — 12, 
: OT=,/-12. 
Hence O7 is unreal, so that O also must be inside the circle, 


196 SIGN OF a? + y?4+ 29x + 2fy +e CHAP. XI 


IX. The circle x? +y?+2gx+2fy+c=0 divides the plane of 

the axes into two regions, such that the expression . 
a+ y? + Qgx + Ufy +e 

has contrary signs for points in the two regions. 

Let P=(ay, y,) be a point in the plane of the axes. 

Let 7 be the point of contact of the tangent drawn from 
P (see figure, Art. VIII.). 

Then PT?=2,? + y,? + 29x, + 2fy,+e. 

Now if P is without the circle PT is real, so that PT? or 
Hy? + 42 + 29x, + 2fy, +¢ must be positive. 

If, however, P is within the circle PT is unreal, and the 
expression %2+ y,?+2ga,+2fy,+e¢ must be negative. 

The last two examples of the previous article will have 
made this plain. 


Exameie.—Show that the origin and the point (5, 3) both lie outside 
the circle «2-+y? - 3a+7Ty+4=0. 
When «=0 and y=0 then 2?+y? -3x+7y+4= +44. 
When 2=5 and y=8 then x#?+4? - 3a+7y+4=4+44. 
Both points therefore lie outside the circle, for real tangents can 
be drawn from them to the circle. 


X. MISCELLANEOUS EXAMPLES 


ExameLe 1.—If from an external point a secant and a tangent be 
drawn to a circle, then the rectangle contained by the segments of the | 
secant is equal to the square on the tangent. 

Take the external point as origin and the secant as axis of a. 

Let the equation to the circle be 

v4? + 29e-+2fy+c=0, 
and let the secant cut it at P and Q. 
At the points where the secant cuts the circle y=0, 
.. #+29¢-+c=0. 
If x, and x, are the roots of this equation, then 


Lite —es 
*, OP -0Q=c, f 
=square on the tangent from O to the circle. 


ExamPie 2.—Find the locus of the points of contact of the tangents ! 
drawn from a given point to a system of concentric circles. 

Take the given point as origin and the line joining it to the | 
common centre C as axis of a. 

Let C=(a, 0). 
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Then 2?+y?-2ax+r=0 is the equation to a circle having 
C=(a, 0) as centre. By varying \ we obtain the concentric system. 
Let (x’, y’) be the point of contact of the tangent from O to a 
circle of the system, 
2. 0% +y?—-2aev’+r=0 . : pean): 
The equation to the tangent at (a’, y’) is 
; xx’ +-yy’ — a(a+a’)+r=0. 
But this line passes through the origin, 
*, —ax’+r=0, 
N= Oars 
Substitute in (1), 
2. 0% -+Yy? — Qax’+ax’ =0. 
The locus of (x’, y’) is the circle #?+-y? - ax=0. 


Examece 3.—A variable line is drawn through a fixed point and 
cuts a given circle at P and Q. Prove that the locus of the intersection 
of the tangents at P and Q is the chord of contact of the tangents from 
the fixed point. 

Let (h, k) be the fixed point. 

Let the tangents at P and Q intersect at R=(wv’, ’). 

Let the equation to the circle be 

x2 +-y*+ 294 +2fy+c=0. 

The equation to PQ the chord of contact of tangents from F is 

ax’ +yy’ +9(x+2a’)+fly+y’)+e=0. 

Now this line passes through the point (h, hk), 

we ha’ thy +9(h+2a’)+f(k+y’)+c=9. 
we (h+ 9)’ +(k+f)y’ +gh+fk-+c=0. 

The locus of (x’, y’) is the straight line 

(h+g)at+(k-+f)y +gh+fk+e=0. 

It is the chord of contact of the tangents from the given point. 

The equation may perhaps be more easily recognised if we 
re-arrange it as below, 

he+hy+g(a+h)+fly+k)+e=0. 

Note.—If the fixed point be chosen for origin the work is very 

much simplified. 


/ 
RESUME 
1, The gradient of the chord joining the points (7, y,) and 
(%, Ya) on the circle x+y? + 2gu + 2fy+c=0 is— a Bi Tae 2g 
eat : I+ Y2+ 4f 
L+9 


2. The gradient of the tangent at the point (z,, y,) is—-1—%. 
nt+f 
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3. The equation to the tangent at the point (x,, y;) on the 
same circle is 
aby + YY, + 9(@ +H) +fly +41) +e=0 
or (a, +9)e+(y, + fly + 9% +fy1 +¢=9. 
4. The equation to the normal at the same point is 
Y=Gy LO ey 
Wtf +f 
5. The chord of contact of tangents from (z’, y’) to the 
circle is 


ve + yy’ +g(at+a')+flyt+y’)+e=0 
or (z+ g)a+(y’ +fly+ge' +fy' +e=0. 
6. The length of the tangent from (#’, y’) is 
Ja’? + y!2 + 2ga’ + 2fy’ +6. 


EXAMPLES 


1. Prove that the points (2, 5) and (6, 3) lie on the circle 
xv*+y? - 6x —-4y+3=0. 
Find the gradient of the chord joining them by using both the 
ordinary formula and that obtained in Article I. 


2. In last question prove that the tangents at the points (2, 5) 
and (6, 3) are at right angles. 


3. The points (-1, 6) and (3, 4) lie on the circle 
v+y?+8e+10y=89. 
Find the gradients of the tangents at these points and of the 
chord of contact. 


4, Find the gradient of the normal at the point (-2, 5) on the 
circle x?+-y?+-3x - 8y+17=0. 


5, At what points on the circle 2?+y? -4¢+6y+3=0 have the 
tangents a gradient of 4. 


6. Write down the equation to the tangent at the point (3, 4) on 
the circle x?-+-y?+2a+6y —-55=0. 
7. Write down the equations of the tangents in the signing 
cases :— 
(i.) point (2, 5): circle 7+y? - 6x -4y+3=0. 
(ii.) point (—1, 6): circle 2?+y?+8x%+10y=89, 
(iii.) point (-2, 5): circle a?+y?+3a-8y+17=0, 
{iv.) point (0, 0): circle #-+-y?+2ga+2fy=0. 
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8. Find also the equations of the normals at these points, and in 
each case verify that they pass through the centre. 


9. Find the area of the triangle made by the axes and the 
tangent to the circle 22+ 2y? -5a+6y-6=0 at the point (2, - 4). 

10. Write down the’ equations of the chords of contact of the 
tangents from the following points to the circles :— 

(i.) point (3, 4): circle 2?+y?+82+5y+2=0, 

(ii.) point (-2, 6): circle z?+y?-4a%+7y-5=0, 
(iii.) point (5,-2): circle 3a?+3y?+27x - 6y+12=0, 
(iv.) point (0, 0): circle 5x?+5y? — 15x -30y+16=0, 
(v.) point (0, 0): circle #?+y?+2gx+2fytc=0. 

Work out the first example ab initio, giving the argument as in 
Article VI. 

11. Prove that the chord of contact of tangents drawn from the 
point (—4, 6) to the circle x7+-y? - 6x - 8y+12=0 passes through 
the origin, and that the chord of contact of tangents from the origin 
passes through the point (-4, 6). 

12. A variable secant is drawn from the origin to cut the circle 
xv*+y"-+5x - 8y-6=0 at the points P and Q. 

Find the locus of & the intersection of the tangents to the circle 
at P and Q. 

(Hint—Let R=(2’, y’). Express the fact that its chord of 
contact passes through O.) 


13. Calculate the length of the tangent from the point to the 
circle in each of the examples in Question 10. 


14. If from an external point a secant and a tangent be drawn 
to a circle, prove that the rectangle contained by the segments of 
the secant is equal to the square on the tangent. 


15. By finding the length of the tangent from O to the circle 
vty —Ta+b6y-8=0, show that the origin is within the circle. 

16. Tell whether the point is within or without the circle in each 
of the following cases :— 

(i.) point (5, 8): circle z?+y?+6x+4y-4=0, 
(ii.) point (-4, 3): circle 2*+y?+10x - 5y-12=0, 
(iii.) point (6,-1): circle 4a*+4y? - 20x%-+18y+6=0. 
17. Distinguish between the two circles 
ety?+2gr+2fy+c=0. 
and #?-+y?+29x-+2fy -—c=0. 

18. Work out from a figure the equation to a circle which touches 
both OX and OY. Hence find two circles which touch the axes and 
pass through the point (2, 4). 

19. A point moves so that its distance from a fixed point is equal 
to the tangent from it to a given circle. Prove its locus to be a 
straight line. 
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20. A variable point is such that equal tangents can be drawn 
from it to two given circles. Show that its locus is a straight line. 


21. The ratio of the tangents from a variable point to two given 
circles is constant. Prove that its locus is a circle. 


22. A system of circles passes through a given point, and are such 
that the tangents drawn to them from a fixed point are of constant 
length. Prove that the locus of their centres is a straight line. 


23. Find the locus of the mid-points of a system of parallel 
chords of 

(i.) the circle x?+y?+62+10y+4=0: gradient of chords =2, 

(ii.) the circle w+-y?+2gu+2fy+c=0. 

(Hint.—Use the expression for the gradient found in Article I. 
taking (a’, y’) as the mid-point of the join of (a1, y,) and (a, Yz). 

24. The common chord of the circles 2?+y? -2a-4y-20=0 
and a?+y? —10a+4y-20=0 meets them at A and B. Show that 
the four tangents at A and B are equidistant from the point (23, 4). 


25. Find the equations to the pair of tangents which can be 
drawn from the point (2, 1) to the circle x?+-y? — 2%+4y=0. 
(Hint.—Find where the chord of contact cuts the circle.) 


26. AB is a chord of a circle, C the mid-point of one of the arcs 
cut off. Prove that C is equidistant from AB and the tangent at A. 
Use the following steps : 
(1) Take the mid-point of the arc as origin and the tangent and 
normal as axes. Hence obtain the equation to the circle. 
(See Art. V.) 
(2) Pe bbe k) where k is the distance of the mid-point from 


(3) Write down the equation to the tangent at A and find its 
distance from the origin. Then use in this result the fact 
that A lies on the circle. 


27. If from an external point a pair of tangents at right angles 
to one another be drawn to a circle, then each tangent is equal to 
the radius of the circle. 

Use this fact to prove that the locus of the external point is a 
circle taking as equation to the given circle 

(i) 22+y%=a2 
(ii.) v?+-y?+ 29gu-+ 2fy+c=0. 


CHAPTER XII 
CONJUGATE POINTS: POLES AND POLARS 


The reader is recommended to revise now those portions of Chapter 
_ VII. which deal with harmonic division, and with the ratio in 
which the join of two points is cut by a circle. 

I. Definition of Conjugate Points with respect to a circle. 

Let A and B be 
two given points and 
let their join cut the 
circle in P and Q. 
We say that if P 
and @ harmonically - 
separate A and B, 
then A and B are 
conjugate points with 
respect to the circle. 


A 
We must have a = oe 


In other words, the circle cuts AB internally and externally 
in the same ratio. 


Il. Find the condition that the points A=(a, y,) and’ 
B= (ap, Ya) may be conjugate with respect to the circle a? + y® =a 

Let the circle cut the join of AB at a point (z’, y’) in the 
ratio A: 1 (see figure, last article). 

Then 


, Dy tty 1 YatrAYe Ill 
Py and y’ = SRA (Chap. VIII). 
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Now (z’, y’) lies on the circle, 
e+ y=, 


‘, (athe :" i ole. a 


whence 
(a9? + Ya" — a?)A? + 2 (2% + YyYo — 4A + (2? + y," — a?) =0. 
This équation is known as Joachimsthal’s Ratio Equation. 
AQ 
QB 
If these ratios are equal in rae oe opposite in sign then 


the roots of the equation are equal in value and of contrary 
sign. 


It gives the values of the ratios p at BB and 


", G2 + YyYo —42=0 (Chap. VII. Art. IV.), 
one LyX a5 YyYo a a. 
This then is the condition that the points A and B should 
be conjugate with respect to the circle. 


Exampie 1.—The points (1, 2) and (3, 5) are conjugate points 


with respect to a circle having O as centre. Find the equation to the 
circle, 


Let the required equation be 
a +y? me a’, 
Then by the condition 2,7, +y,y,=4a" we have (1 x 3)+-(2 x 5)=a?, 
Beg elasiiek 
. y= 13, 
EXAMPLE 2.—Find a point on the x-axis conjugate with (3, 5) to 
the circle x*+-y?=15. 
Let the required point be (2’, 0). 
Then from the condition 2,7, -+-y,y_ = a" we have (3z’) +(2 x0)=15, 
*, v =5, and (x’, 0)=(5, 0). 
EXAMPLE * —Find the locus of pene conjugate with (8, 5) to the 
circle 22-+y? = 
Let (w’, y’) be Rane, with (8, 5), 
*, 8x’ -+5y’ =6. 
The locus of (#’, y’) is ine straight line 8%-++-5y = 6. 


III. Imaginary Points and Lines. 

When dealing with the intersections of lines and circles we 
found that the algebraic equations which arose on elimination 
of a variable were often such as had unreal roots. The result 
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was that we had imaginary numbers as the co-ordinates of the 
points of intersection. We then said that such a straight 
line cut the circle in imaginary points, language which was 
quite a natural parallel to the algebraic results. We therefore 
see that on a real straight line there are imaginary points. 
Take, for example, the equation s+y=3. When x= /-2 
then y=3-— ,/—2. Thus the imaginary point 
(/-2, 3— ,/-2) 
lies on the graph of the equation. In a similar manner we 
can obtain any number of such points. It therefore follows 
that a real straight line may be defined by two imaginary 
points. Let us find, for example, the straight line joining the 
imaginary points 
(,/-1,3-2,/-1) and(- /-2,3+2,/—2). 


Suppose its equation to be la+my=1. 


ob f-1+m(8-2 f/-l=1 . Py al F 
and ge =2+m(3+2,/—2)=1- . nite): 
Subtract, 
US - Ph te Ae -~2m( ,/-1+ /-2)= 
-;1-2m=0, 
‘l= 2m.. f d wieko)s 


Substitute for J in (1). 

2. ant | — earns 2,/-1= 
*,dm=l1, 
“. M=h. 

Hence by (3) /=3. © 

The required equation is therefore 

2¢4+4y=1 or 2a+y=3. 

By the help of this equation we can now draw the real 
straight line which passes through the two imaginary points. 
Ordinary geometry would not enable us to do so. We require 
to call to our aid algebra, through which we can find the 
equation to the line, and so draw the graph. 

Consider next the equation y—-3=m(v-2). Its graph is 
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a straight line through the point (2, 3). If m has the value 
./-5 so that y-3= ,/—5(#-2) then the straight line is an 
unreal one. As we can assign to m any number of imaginary 
values, it follows that through a real point such as (2, 3) there 
pass an infinite number of imaginary straight lines. Now the 
point (2, 3) lies within the circle z? + y? = 16, and therefore no real 
tangents can be drawn from it. What, then, would happen if 
we were to try to find the condition that the line y — 3 = m(a — 2) 
should touch the circle? Though the geometrical construc- 
tion for the tangents fails, the algebraic work in no way breaks 
down. 

We have y= m(x -2) +3, 

“. 04+ {m(e—2)+3}2=16, 

which gives (1 + m?)a? — 2m(2m — 3)a + (4m? —- 12m —7)=0. 

The roots of this equation are equal if 

4m?(2m — 3)? = 4(1 + m?)(4m? — 12m —7), 


that is, if 12m? +12m+7=0, 
m= — . tein 


The equation gives the gradients of the tangents through 
the point (2, 3). But the roots of the equation are unreal, 
hence the gradients being imaginary numbers, the tangents are 


unreal, Their equations are y—3= mies SES (~—2) and 
-3=— ee (2-2). These tangents will touch the 
7] 6 to) 


circle in two imaginary points, so the question which naturally 
arises is ““ What about the line which joins these imaginary 
points, the chord of contact of these unreal tangents?” If 
we worked out the co-ordinates of the points of contact and 
the equation to the line joining them we would find the latter 
to be 24+3y=16, so that the chord of contact is a real line, 
not a surprising result, as we have already shown that two 
imaginary points may define a real straight line. The root 
of the whole matter is this that in analytical geometry we are 
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geometrically interpreting algebraic results, and the reality or 
unreality of the lines and points will depend on the nature of 
these algebraic results. Euclidean geometry is the counter- 
part of arithmetic, analytical geometry that of algebra. 


Definition.—The chord of contact of tangents from a point 
to a circle is called the ‘‘ Polar’’ of the point. The point is 
called the ‘‘ Pole” of the chord of contact or polar. 


IV. The locus of the conjugate point of (a1, y,) with respect to 
the circle a" + y* =a? is the polar of (x, y,). 

Let (%, yz) be any harmonic conjugate of (x,, y,) with respect 
to the circle 2? + y?=a?. 

J. DyBy + YyYo =a". 

The locus of (#5, yp) is the straight line wa, + yy, =a?. 

But this is the equation to the chord of contact of tangents 
from (x, y,) to the circle (Chap. VI. Art. V.), which proves our 
theorem. 

If the point lies on the circle then the equation is that of 
the tangent to the circle at (a,, 4). 

Hence the polar of a point on the circle is the tangent 
thereat. 

The tangents are imaginary if (#,, y,) lies within the circle, 
but for a real circle and real point the polar is always a real 
line. 

If the point is on the circumference the two tangents are 
coincident, and consequently coincide with their chord of 
contact, which is then the tangent at the point. 

Examece 1.—Find the polar of the point (1, 2) with respect to the 
circle x?+-y?=8 and draw it. 

The process of writing down the polar is the same as in the case 


of a tangent at a point on the circle. 
The polar of (1, 2) is therefore the line x+2y=8 (Diagram 1). 


- Examere 2.—Find the pole of the line 2x+3y=5 with respect to 
the circle 2?-+-y?= 10. 
Let (a’, y’) be the pole of the line. 
The equation to the polar of this point is 
au’ +yy’ =10, 
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‘DracRam 1. 


Hence the lines 2a+3y=5 and xx’-+-yy’=10 must be identical, 
and will therefore make the same intercepts on the axes. Equating 
these intercepts we have 


Ls at 0 Wout 
aa, (x-intercepts), 
5 FIO 

and ray, (y-intercepts), 


ov’ =4 and y’=6, 
(25 YS 6). 


Examen 3.—Find where the polars of the points (5, 2) and (7, 1) 
with respect to the circle x*+-y2=9 intersect. Prove that the point of 
intersection is the pole of the line joining the two given points. 

(i.) The polar of (5, 2) is 5u-+2y=9. 

The polar of (7, 1) is 7a-++-y=9. 

On solving these equations we find that the polars interseet at 
the point (1, 2), 
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(ii.) The polar of the point (1, 2) is 
e-+2y=9 5 : : 
The equation to the line joining (5, 2) and (7, 1) is 
—— (Chap. IX.), 
ree og — Sues 4 : (2): 
Hence by (1) and (2) the join of (5, 2) and (7, 1) is the polar of 
the intersection of their polars. 


(1). 


Examee 4.—find the pole of the line la+my+n=0 with respect 
to the circle x? +-y? =a". 

We may proceed as in Example 2, or as follows. Write the line 
in the polar form 2z,+yy,=@. 

We have Iz+my= -n, 


Lan 
Thee 
al am A 
-—“@- —_y=a 
n n 
2 
This line is the polar of the point ( - = - =). 


V. Pind the condition that the points (x, y,) and (%», Y2) be 
conjugate with respect to the circle a+ y2+ 29x + 2fy+c=0. 


Let the circle cut the join of (a, y,) and (#2, y2) in the ratio 
(A: 1), at a point (2’, y’). 
prieNOa, ey Sat Ms 
Then 2’ = ria d : 
Now since (z’, y’) lies on the circle, 
“2% 4y'%4 2qn' + 2fy’ +ce=0, 

(AG? (Mat Ade? oles + Am), flys + Age) 
areas Mea tg re li Cee ay oe 
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*. (1+ Ame)? + (yy + AY)? + 2g (ay + Awe)(1 + 2) 
+ 2f(yy + Ay2)(1 +A) + e(1 + A)?=0, 
whence i 
(9? + Ya" + 29a, + Bfyn + c)A? 
+2429 + YyYo t+ G(X, +%2) + f(Yy + Yo) +e} A 
+ (v1? + 7 + 2ga, + 2fy, +0) =0. 
This is Joachimsthal’s Ratio Equation for a circle whose 
centre is any point in the plane of the axes. 


The roots of the equation give the ratios 5 y and or 

Now if (a, y,) and (#9, y2) are conjugate have these ratios 
are equal in value and of opposite sign (Art. I.). 

Hence the roots of the equation are equal but of contrary 
sign, so that there can be no term in A (Chap. VII. Art. IV.). 


v5 Dye + YyYo + Gy + Hp) +f(Y1 + Yo) +o=9. 
This is the condition required. Writing it down is very 
similar to the process -of writing out the equation to a tangent 
(Chap. XI). 


Examete 1.—The centre of a circle is at the point (4, 10) and the 
points (3, 4) and (7, 9) are conjugate with respect to it. Find its 
equation. 

Its equation will be of the form 


x*+-y? — 8x - 20y+c=0. 
Tf (3, 4) and (7, 9) are conjugate with respect to it, then by the 
condition found above we have 
(3 x 7) +(4 x 9) - 4(3+7) - 10(4+9)+c=0, 
aC =o, 
*, a+y? - 8x - 20y+93=0. 


EXAMPLE 2.—A circle passes through the origin, the point (-1, 2), 
and has the points (3, — 2) and (6, 5) conjugate with respect to it. Find 
its equation. 

The equation to a circle passing through the origin is 

x? -y? + Qgx+-2fy = 
The point (- 1, 2) lies on it if 
—29+4f+5=0 . , Set: 
The points (3, —2) and (6, 5) are conjugate with Bnet to it if 
(3 x6)-+(5 x -2)+9(3+6)+/( -2+5)=0, 
.. 99+3f+8=0 . : ; (2) 
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Solving (1) and (2) gives g= — 4% and f= - 44, 
7. w+y2 —Ti9e — S1y=0, 
.. 21(a?+y?) — 17x - 6ly=0. 

ExaMPLe 3.—A circle passes through the origin, and the points 
(-1, ~-2) and (5, 8) are conjugate with respect to it. Find the locus 
of the centre. 

Let (a’, y’) be the centre. 

The equation to the circle is therefore 

xv2-+ y — 2ax’x — 2y’y=0. 

The points (-1, - 2) and (5, 8) are conjugate with respect to it if 

(-1x5)+(-2 x8)-2(-1+5)-y(-2+8)=0, 
.. 40’+ 6y’+21=0. 
The locus of the centre is the straight line 47 +6y+21=0. 


Examete 4.—find the locus of the conjugate point of (3, 4) with 
respect to the circle x*+y - 10z+8y -3=0. 
Let («’, y’) be any point conjugate to (3, 4), 
1. 3a’ +47’ — 10(a’+3)+4(y’/+4) -3=0, 
.. Tx’ - 8y’ +17=0. 
The locus of (x’, y’) is the straight line 7x - 8y+-17=0. 


VI. The locus of a point conjugate to (x1, y,) with respect to 
the circle «? + y? + 2gx + 2fy +c=0 1s the polar of (x, ¥4). 

Let (%, Y2) be any point conjugate to (x, y;). 

5 DyLe, + YsYo + G(X + Uy) + f(Ya + Yo) +6=0. 

The locus of (%., Y2) is the straight line 

LL, + YY + ("+ 1) + fly + yx) +e=0. 

The equation is that of the chord of contact of tangents 
from (#1, y,) to the circle (Chap. XI. Art. VII.), which proves 
the theorem. Its equation is written down just as in the case 
of a tangent. 

Examete 1.—Find the equation to the polar of the point (4, - 3) 
with respect to the circle “+y?+-8a — lly+2=0. 

The equation is 

4x — 3y+4(a+-4) - Y(y-3)+2=0, 
.. 16a - 17y+69=0. 

Bxameie 2.—Find the polar of the origin with respect to the circle 
2+ y%@+29e+2fyto=0. 

The equation is 

ox -+-oy+9(%-+0)+f(y+0)+e=9, 
. getfyte=0. 
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VII. MISCELLANEOUS EXAMPLES 
eerpets 1.—A_ straight line cuts the axes at P. and Q so that 


optoo is constant. Find the locus of the pole of PQ with respect to 
the circle x+y? =a". 
1 


1 
Let oP* 007° (a constant). 


Let («’, y’) be the pole of PQ. 
The equation to PQ is therefore 


xu’ +yy’ =a", 
2 2 
+ OP and: 00 = — 
a y 


But =; 


OP‘ 0Q 


The locus of (2’, y’) is the straight line x+y=a’e. 


ExameLe 2.—Find the locus of the poles, with respect to a given 
’ ctrele, of all straight lines passing through a fixed point. 
Take the point as origin and let the equation to the circle be 
xv?+y?+2gx+2fy+c=0. 
Let (x’, y’) be the pole of any line passing through 0. 
Now the polar of (x’, y’) is the line 
aa’ +yy’ +9(a+x')+fyt+y’)+e=0. 

Since this line passes through the origin 

2 gu’ +fy’+c=0. 
The locus of («’, y’) is the straight line gx+/y+c=0. 
It is the polar of the origin. 


Exampue 3,—A and B are two fixed points on the axes. A variable 
point P is such that the quadrilateral OAPB 
ws constant in area. Prove that the polars of 
P with respect to the circle x*+-y?=C pass 
through a fixed point. 

Let P=(2’, y’), A=(a, 0), and B=(o, b). 

Then the polar of P is 

xu’ +yy’=c? . rie (9 & 
But AOBP+AOAP= quad. OAPB, 


ee (a constant), 
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.*. Z2AOBP+-2A0AP =k, 
.*. bx’ -+ay’=k, 


C2 
fe 7(bx' ray’) =e 5 : meee) 
Hence the equation to the polar of (z’, y’) is 
2 
ae! yy’ =F (be’ +ay’) {by (1) and (2)}, 


«. (ka — bc)’ + (ky - ac?)y’ =0, 
which is the equation to a straight line passing through the inter- 
section of the fixed straight lines kx -bc?=0 and ky-ac?=0, that 
2 2: 
is, through the fixed point (%, ) 


ExamPLe 4.—A point P is taken on the circle x?+y?=a? and 
perpendiculars PN and PM are drawn to the axes. If (x’, y’) ts the 


Lae ae 
pole of MN, prove git y= gk 


Let P=(x,, y,). Then N=(a, 0) and MS(o, y;). 
The equation to WN is therefore 
Bey 


; yun (ar a 
Now this last equation is the polar of ( —, a 
1 


But JZN is the polar of (x, y’), 
2 


2 
a 
v=— and 4’ =-_, 
wy 1 
2 2 
a 
x,=— and Vir 


. 21, = 
2. &y*-+-y,2 =a", 


2 

—; a 

a2 y? ? 
1g Weg Mame 
x2 yo 


Exameie 5.—T'he radius of a circle is 3 wnits and the points (2, 4) 
and (7, 3) are conjugate with respect to the circle. Find the locus of 
the centre. 

Let (x’, y’) be the centre of the circle. 

Then the equation to the circle is 

(v- 2) +(y-y’P=9, 
7 Oe ¥? — Qa’n - 2y’y +(a-+-y? - 9) =0. 
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The points (2, 4) and (7, 3) are conjugate with respect to the 
circle, ; 
w. 14412 - 2/(2+7) = y'(4+3)+(v?2+y? - 9) =0, 
2. ©? y? — Ox’ — Ty’ -17=0. 
The locus of (2’, y’) is a circle having its centre at (3, %), the mid- 
point of the join of the conjugate points. . 
Exampie 6.—Find the equation to the pencil of lines which are 
the polars of points on Y Y’ with respect to the circle 
v+y?+2gx+2fy+c=0. 
(0, y’) is any point on the y-axis. 
Its polar is yy’+ge+f(yty’)+e=9, 
. getfytet+y (y +f) =0. 
It is a straight line passing through the intersection of the line 
y+f=0, and of gx+fy+¢=0 the polar of O. 
As (0, y’) moves along the y-axis we obtain a pencil of lines passing 
through the intersection of the pair of base lines. 


ExamMeLe 7.—From a variable point P perpendiculars PN and PM 
are drawn to the axes. If the polars of M and N with respect to the 
circle x*-+-y?+29x+2fy+c=0 are at right angles, find the locus of P. 

Let P=(2’, y’), 

.. N=(x’, 0) and M=(o, y’). 
The polar of V is 


xa’ +9(x+2')+fy+c=0, 


or (@ +9)a-+fytge’+ce=0. ; on hs)s 
Similarly the polar of M is 
ge+(y’tfytfy+e=0 . . . (2). 


These lines are perpendicular if 
(x’+g)g+(y’+f)f=90 {Chap. IIT. Art. I}, 
‘ eae gx’ +fy’+9?+f2=0. bs ; 
The locus of P=(w’, y’) is the straight line gv +fy+g?+/2. 
It is parallel to the polar of O. 


RESUME 

1. The points (a, y,) and (a2, y,) are conjugate with respect 
to the circle 27+ y?=a? if %,%+ YY, =a. 

2. The polar of the point (#,, y,) with respect to the above 
circle is the locus of all points conjugate to (2, y,). Its 
equation ws vv, + yyy =a": 

3. The points (a1, y,) and (a, y2) are conjugate with respect 
to the circle 2? + y? + 2gx + 2fy+c=0 

Uf aryatn + YyYo t+ G(X, + Uy) + f(Yy + Yo) +o=0. 
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4. The polar of (x,, y,) with respect to this last circle is the 
line wx, + yy +9(% +2) +f(y+y,) +e=0. 

5. The polar of a point is identical with the chord of contact 
of tangents drawn from the point. 


EXAMPLES 


1. Prove from definition that the points (3, 2) and (1, 1) are 
conjugate with respect to the circle 2?+y?=5. 


2. Use the test 27, +4,y. =a" to prove that the following pairs of 
points are conjugate with respect to the circles. 
(i.) points (2, 1) and (4, 4): circle a?+y?=12, 
(ii.) points (—3, 2) and (-2, 5): circle 7?+y?=16, 
(iii.) points (3, —- 6) and (2,-2): circle 2?+y4?=18. 
3. The points (3, 4) and (5, 2) are conjugate with respect to a 
circle having O as centre. Obtain its equation. (Art. IJ. Ex. 1.) 


4, Obtain the equation to the circle which has O as centre and 
(-6, 3) and (-4, 2) as conjugate points. 


5. Find a point on the line 5%+3y=30 conjugate to the point 
(1, 3) with respect to the circle 2#-+y?=12. 


6. The points (x, y) and (3, 4) are conjugate with respect to the 
circle z?--y*=12. Find and draw the locus of (a, y). 


7. Write down the equations to the polars of the following points 
with respect to the given circles :— 
(i.) point (2, 4): circle v?+y?=7, 
(ii.) point (-3, 5): circle x?+y?=9. 
(iii.) point (0,-4): circle x?+y?=12. 
(iv.) point (-3, -1): circle 32?+3y?=8. 
8. Find the area of the triangle made with the axes by the polar 
of the point (—5, 2) with respect to the circle 2?+-y?=10. 


9. (a, ¥,) and (x2, Yz) are two points in the plane of the axes. 

Write down the equations of their polars with respect to the 
circle 2?+y?=a?. we 

Work out the equation to a line through the origin and the 
intersection of the polars. Prove that it is perpendicular to the 
join of (x1, y 1) and (Zp, Y2). 

10. Find the pole of the line 2a - 3y=4 with respect to the circle 
v+y*=8. 

11. Find the pole of the line 5v=2y+6 with respect to the 
circle z?+y?=9.° 
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12. The polar of the point P=(x’, y’) with respect to the circle 
x?+y?=a? cuts the axes at @ and R. 


Prove that the area of AOQR is Fax’ 


13. In last example draw perpendiculars PN and PI to the 
axes. Prove that if the area of AOQR is constant, then so is the 
area of the rectangle ONPM. 


14, The equation to a system of concentric circles is x?+y?=7". 

Find the pole of the line /x-++my=1 with respect to any one of 
them. (See Art. IV. Ex. 4.) 

Use the results in next example. 


15. Prove that the poles of a fixed straight line with respect to 
a system of concentric circles lie on a straight line through the 
common centre. 


16. A pencil of lines has the point (h, k) as vertex. 

Show that the locus of the poles of the rays, with respect to a 
circle having O as centre, is the polar of (A, k). 

(Hints.—Take (2, y’) as a pole. State the condition that its 
polar pass through the point (h, k).) 


17. A and B are two fixed points. A perpendicular p, is drawn 
from A to the polar of b with respect to a circle having O as centre, 
and a perpendicular p, is drawn from B to the polar of A. Prove 
that p,xOA=p,xOB. (Salmon’s Theorem.) 


18. From points A and B tangents AP and BQ are drawn to a 
circle. 

If AP?+BQ?=AB?, prove that A and B are conjugate points 
with respect to the circle. 


19. Prove that the following points are conjugate with respect 
to the given circles :— 
(i.) points (3, 5) and (-8, 2): circle x?+y?+4%+6y+3=0, 
(ii.) points ( — 2,0) and (-—6, —7): circle 2+y? - 8%+10y-9=0, 
(iii.) points (0, 0) and (- 10, - 2): circle x?+4?+6a —18y+12=0, 


20. The points (x, y) and (7, 5) are conjugate with respect to the 
circle 2a?-+-2y? — 7~+9y —-4=0. 
Find the locus of (@, y). 


21. Write down the equations of the polars of the given points 
with respect to the circles. 
(i.) point (4, 2): circle 2?+-y?+4%+10y+7=0, 
(ii.) point (- 6, 7): circle 2*+y?+ 6x -—8y-9=0, 
(iii.) point (0,-—2): circle #-+-y?-52+7Ty -2=0, 
(iv.) point (0, 0): circle a-+-y? -8x%-+1ly-—3=0, 
(v.) point (3, 2): circle 3a+3y?+9x -4y+12=0. 
22, A variable straight line passes through the point (3, — 1). 


ART. VII EXAMPLES 215 


(i.) Find the locus of its pole with respect to the circle 
; w+y?-~2¢4+3=0. (See Ex. 16.) 
(ii.) Show that it is the polar of (3, - 1). 


23. A pencil of lines is drawn through the origin. 

Find the locus of their poles with respect to the circle 

x+y?+4e —-6yt5=0. 

_ 24, Prove that the polars of the point (2, 1) with respect to the 
circles 2-+y?+4a-2y+5=0 and 22+y?-2a+6y+5=0 intersect 
on the circle x?+y?=5. 

25. A circle passes through the origin and the point (4, 2). If 
the points (5,-3) and (2,-—7) are conjugate with respect to it find 
its equation. 

26. The pairs of points [(3, 4); (6, — 2)] and [( - 2, 6); (-3, —4)] 
are conjugate with respect to a circle passing through the origin. 
Find the equation to the circle. 


27. A circle passes through the origin, and the points (-1, 3) 
and (2, —4) are conjugate with respect to it. Find the locus of its 
centre. 


28. A variable circle passes through a fixed point D. The 
points A and B are conjugate with respect to it. Prove that the 
locus of its centre is a straight line. (Hint.—Take D as origin.) 


29. A system of circles touches a given line at a given point A. 
Prove that the polars of a fixed point B form a pencil of lines. 
(See Chap. XI. Art. V. and Chap. VII.) 


30. A circle with centre O cuts the axes at A and B. If the 
pole of AB lie on the line 3x-+-2y=20, find the length of the radius. 


31. A variable straight line cuts the axes at P and Q. Find the 
locus of its pole with respect to the circle x*+-y?=a? if 
ee erect ge. 
(i.) op tog” 
(ii.) OP+-0Q=k, 
(iii.) OP -OQ=k. 

32. A circle is drawn having O as centre. 

P, and P, are conjugate points with respect to it. 

PN, and P,N, are perpendiculars to XX’. 

P,M, and P,M, are perpendiculars to YY’. 

N is taken on the x-axis and M on the y-axis, so that ON is a 
mean proportional to ON, and ON,, and OM is a mean proportional 
to OM, and OM). ; 

The rectangle ONKM is completed. 

Prove that K lies on the circle. 

33. Find the equation of the circle with respect to which the 
following pairs of points are conjugate : 

[(1, 1) and (3, 5)]; [(5,-9) and (-2, 3)]; [(0,—4) and (4, 4)}. 
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34. Find the equation to the pencil of lines which are the polars 
- of points on XX’ with respect to the circle gty?+t 2ge+2fytc=0. 
(Art. VII. Ex. 6.) 


35. Prove that the radius of the circle which has O as centre and 


(a1, y,) and (25, ys) as conjugate points, is ./1%_+YyY> 

36. A circle passes through the points (a, 0) and (~a, 0), and has 
the origin and (2’, y’) as conjugate points. Find its equation. 

37. The centre of a circle is the point (4, 6), and the points 
(-1, 2) and (3, -—5) are conjugate with respect to it. Find the 
equation to the circle. 


38. Prove that only one circle touches the axes and has the 
origin and a given point as conjugate points. 

What is the length of its radius? (See Chap. XI. Ex. 25.) 

39. The length of the tangent from the origin to a circle is 5 units, 
and the points (3, 2) and (5, —3) are conjugate with respect to it. 
Find the locus of the centre. 


40. The radius of a circle is 3 units, and the points (2, 4) and 
(7, 3) are conjugate with respect to it. Find the locus of the centre. 


41. If the points (-2, 5) and (4, — 3) are conjugate with respect 
to a circle, and if the polar of the origin passes through the point 
(1, 1) find the locus of the centre. 


42. The polar of a point on the bisector of XOY with respect to 
a circle of centre O cuts the axes at A and B. The rectangle OAQB 


is completed. Prove that Q also lies on the bisector of XOY. 


43. From a point P on a circle whose centre is O and radius a 
units long, perpendiculars PN and PM are drawn to the axes. 


If (x’, y’) is the pole of WN, prove that vty 

44. From a variable point P perpendiculars PM and PN are 
drawn to two straight lines at right angles to one another. 

The polar of M with respect to a given circle is at right angles 
to the polar of N. Prove that the locus of P is a straight line 
through the centre of the circle. 

Show that this locus is the same for all members of a concentric 
system. 


45. From a given point C perpendiculars CA and OB are drawn 
to two fixed lines at right angles to one another. 

Prove that the locus of the centres of all circles with respect to 
which the polars of A and B are perpendicular, is a circle passing 
through the intersection of the fixed lines. 


46. S, and S, are two given circles. Find the locus of a point 
whose polars with respect to the circles are, (i.) parallel, (ii.) per- 
pendicular. 
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47. Prove that if the polar of a point P with respect to a circle 
passes through Q, then the polar of Q passes through P. 


48. A point moves on a fixed straight line. Prove that its 
polars with respect to a given circle are concurrent. 


(Hinis.—Wither take the centre of the circle as the origin, or 
take the pole of the given line as origin.) 


CHAPTER XIII 
ORTHOGONAL CIRCLES AND COAXAL CIRCLES 


Definitions.—By the angle between two circles is meant the 
angle between the pair of tangents at a point of intersection. 

If the angle between the two tangents is a right angle the 
circles are said to cut orthogonally. 

Note—JIn our discussions, and in working examples, the 
coefficients of x and y? in the equations to circles are supposed 
to be unity, a condition already postulated. 

I. Two circles cut orthogonally of the square on the line joining 
their centres is equal to the sum of the squares on their radit. 
AC, passes through the centre 
S2 of S, since it is perpendicular to 
the tangent AC,. 

Similarly, AC, passes through 
the centre of S,, AC, "ane a 
tangent to Sy. : 

Let C, and C, be the centres of 
the circles, and let 7, and r, be their radii. 

Then C,C,2= AC 2+ AC,? (Pythagoras) 

= 72 +75" 
as was to be proved. 

Il. Find the condition that the circles 

a + y2+2q,0 + Wy +e,=0 and a? + y? + Igor + Whey + ¢y=0 
should cut orthogonally. 

In this case C,=(-g9,, —f,) and C,=(-g., —f2). 

Also 7,2 =9,7+f,? —¢,? and r.2=9," +f, —c,? (Chap. X.). 
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Hence we have on stating that C,C,2=7,2+7,2 
(— 91492)? +(-f t+ fe)? = 91? +f? — cr? + 90? + fo? — 05? 
which gives ¢, +¢,=2(9192 +f, J2)- 
In examples it is best to start from the condition 
C02 =1r7 +742, 
but to save time we shall in some cases quote the condition 
just found. 


ExamMete 1.—Prove that the circles x+y? -3x2+8y-2=0 and 
x? +y*+-4a — 5y -24=0 cut orthogonally. 
We have | C 10e' = (8+ 2P-+( 4-3) 


and rt =(F4 16+2)+(4+25 +24) 
=1g 
One = 147 +r,2. 
Hence the circles cut Be Gcanally, 


ExampP.e 2.—A variable circle passes through the origin and cuts 
the circle 2*+y2-2x+6y-8=0 orthogonally. Find the locus of 
its centre. 

The centre of the fixed circle is (1, - 3). 

Let (x, y’) be the centre of the variable circle which passes 
through O. Its equation will therefore be x*+y* — 2x’x — 2y’y=0. 

From the relation C,C,?=7,?+7,2 we have 

(a = 1)? +(y’ +3)? =(1+9+8)+(2?+y”), 
we —38y’+4=0. 
The locus of (2’, y’) is therefore the straight line x - 3y+4=0. 


ExamPLe 3.—A variable circle touches the x-axis and cuts the circle 
aty?t4e+10y-2=0 orthogonally. Find the locus of its centre. 
Let («’, y’) be the centre of the 
variable circle. 
From the figure we see that its 
radius is y’ 
Its equation is therefore 
(x - a’ P+(y-y’P=y”, 
+, wy? —Qe’x — 2y’y+x=0. 
This circle cuts the circle A 
v+ty*+t4r+10y-2=0 
orthogonally if x’ — 2=2( - 2x’ — 5y’) (Art. Il.: condition), 
e%+4e/+10y’ -2=0. 
The locus of (x’, y’) is the graph of the equation 
x*+4¢+4+10y -2=0. 
It is called a parabola. 
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III. Definition—The common chord of two circles is called 
their ‘‘ Radical Axis.”’ 

IV. Prove that the radical axis of two circles is the locus of 
points from which equal tangents can be drawn to the two circles. 

Let P=(z’, y’) be a point from which equal tangents can 
be drawn to the two circles 

x? + y%+ 29,0 + fy +¢,=0 
and x? + y? + 2gou + Woy +c, =0. 

EKquating the squares of the tangents from P to both circles 
we have w’?+ y'2+42q,0' + 2f,y' +¢,=0'2 + y'2 + 2gon' + 2foy’ + Co, 

2(91 — G92)@' + 2(f, —fo)y’ + (C1 — C2) =0. 
The locus of P_is the straight line 
2(91 — J2)@ + 2( fi —fo)y + (C4 — Cg) =9. 

Now this equation is evidently the same as is obtained by 
subtracting the equations of the two circles, hence it is that of 
their common chord or radical axis (Chap. X. Art. IV.). 

The circles need not intersect in real points. 

The nature of the intersections is a matter of indifference 
so far as the algebra is concerned. 


ExampcLe 1.—Find the radical axis of the two circles 
5x? + By? +-15a - 20y+18=0 and 327-++3y? - 32+9y -10=0. 
We must write the equations to the circles with 1 as the co- 
efficient of x? and y?, 
*. o+y?+4 32 -4y+18=0 
and vty? -2+3y—-1°=0. 

Subtract, 

7. 4e - Ty +194 =0, 

.*. 60% — 105y-+ 104 =0. 

This is therefore the equation to the radical axis. 


EXxamPLe 2.—Prove that the line joining the centres of two circles 
is perpendicular to their radical axis. 
Let the circles be 
wy? + 290+ 2fy +e, =0 
and 2?-+y?+-29.%-+2fy+c.=0. 
Then the equation of their radical axis is 
2(91 - 9o)@+2(f, ~fo)y +e — Co =9. 

The gradient of this line is 

or 9s 

c ‘ : » we): 
fi-he ? 
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The centres of the circles are (—g,, —/;) and (-g,, —/y). 

The gradient of their join is een eile an} 
Jaa. dao Js 
2-1 or : 5 : ; 
—Jot 9 91-92 @) 

Hence by (1) and (2) the product of the gradients is - 1. 

The lines are therefore perpendicular. 


V. Coaxal Circles—A system of circles is said to be coaxal 
when each of its members passes through two given points A and B. 

The name is due to the fact that the chord AB is common 
to every member of the system, so that each pair of circles has 
the same radical axis. 


The points A and B may be real as in Fig. 1, coincident 
as in Fig. 2, and imaginary as in Fig. 3. It is all a 
matter of circles cutting each other in two points real, coin- 
cident, or imaginary. It is of no moment to the algebra of 
the geometry what the nature of the points are. 


VI. Equation to a circle passing through the intersections of 
two given circles. 

Let x? + y? + 2g,0 + fy +¢,=0 

and a? +4? + 29,0 + 2foy + ¢,=0. 
Consider now the equation 
(a2 + y? + 24% + Ufyy + Cy) + (a? + y? + QWgow + Afyy + Cy) =0 (1). 

On collecting terms we have 
(1+ Aja? + (14+ Ny? + 20g, + dga)ee + Ufa + fay + ¢1 + Acy=0 (2). 

Form (2) shows us that the equation is that of a circle, for 
there is no term in zy, and the coefficients of x” and 7? are equal, 
each being (1+). 
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Equation (1) is satisfied by these values of x and y which 
make 
x + y? + 29,0 + fy +c,=0 
and a? + y2 + 2gou + 2foy +c, =0 
simultaneously. 

It is therefore satisfied by the co-ordinates of the points of 
intersection of the two given circles. 

Hence the equation is that of a circle, passing through the 
intersections of the two given circles. 

Corollary 1—The equation we are discussing is that of a 
circle coazal with the given pair, for all three pass through the 
same two points, namely the points of intersection of the given 
curcles. 

Corollary 2.—It is the equation to a coaxal system of circles, 
for we obtain an infinite number of circles all passing through 
the intersections of the given parr by merely varying X. 

The two given circles are called the “ base circles,” and A 
is called the ‘‘ parameter” of the system. 

Just as we spoke in Chapter VIII. of a pencil of lines passing 
through the intersection of a fixed pair, so can we now speak 
of a “pencil of circles” passing through the intersections of 
a pair of given circles. 

When we put ’=0 in the equation 

w+ y? + Qqya + Ufyy +0, + A(a? + y? + Wgox + Woy + co) =0 
we have x + y? + 29,0 + ry +c, =0. 

If we write the equation thus 


Sa + P+ Mgy + By +04) + (a2 + y+ Mga + By + 64) =0, 
and put A=oo, then, since - =0, we have 
x + y? + Qgox + Woy +c. =0. 
Thus 0 and oo are the values of the parameter which give 
the base circles of the system. 
W hen A = — 1 we obviously obtain the equation to the radical 


axis. The radical axis is therefore a member of the system. 
Its radius is infinitely great. The reader will more readily 
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apprehend this if he draws a circle with a very large radius 
and observes how nearly straight any short arc is. As the 
radius is taken longer and longer, the circumference tends 
nearer and nearer to straightness. 

Corollary 2.—One and only one circle of a coaxal system passes 
through a given point. 

Every member of the system passes through two fixed 
points 4 and B. Hence if a third point C be given then only 
one member of the system can pass through it, since three 
points A, B and C uniquely define a circle. 

The property also follows, from the fact that when the 
co-ordinates of a given point are substituted in the equation, 
then only one value of 2 is obtained, so giving one circle. 
Example | below will illustrate this. 

Corollary 3.—The centres of a coaxal system are collinear. 

The centres of all the circles lie on the right bisector of the 
common chord. 

Analytical proof: The equation to a coaxal system is 


(a? + y® + 29,0 + fry +c) + A(a? + y? + Wgoe + Boy +c) =0, 


which gives 
gy +d Je) 2(f, + Afe) ie alee 


Pe Nee ek oe 
a so) ies cee 
Let (x, y) be the centre of any member of the system. 
— (Gr + AGe) _ Site 
UTM eres = Ta) 
: oe 
By eliminating 4 we have oe une whence on sub- ° 
tracting unity from both sides we obtain ~ v4 ed io 14 +h ag the 
SE ena 


locus of (x, y). It is the straight line joining the centres 
(-9, —f:) and (-g2—fy) of the base circles. 


Exampie 1.—Find the equation to a circle passing through the 
origin and the intersections of the circles 


we+ty=5 and x-+y?+3e - 8y-10=0. 
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a?+y?+3e -8y-10+)(2?+y? -5)=0 
is the equation to a circle passing through the intersections of the 
given pair. If this circle passes through the origin 
then — 10-5\=0, 
stake 
The required equation is therefore 
v+y?+3a -— 8y- 10 -2(a?+y? -5)=0 
or #?+y"? -32+8y=0. 
There is only one circle, which is consistent with the fact that 
three points define a circle. 


EXAMPLE 2.—Find the equation to a circle passing through the 
origin, and the points where the line 2a — 3y=12 cuts the circle 
xv?+y? = 60. 
x?+y*— 60+ (2x — 3y —- 12)=0 
is the equation to a circle passing through the intersections of the 
given line and circle. If it passes through the origin 
then — 60 - 12\=0, 
Sah =O, 
The required equation is 
x+y? — 60 - 5(2a — 38y - 12) =0 
or #-+-y? — 10xz+ 15y=0. 


Examen 3.—Find the equation to a circle which touches the x-axis 
and is coaxal with the circles x?+-y?+12x-+8y —33=0 and 2?+y?=5. 
vy? +12¢+8y - 33+d(2?+y? - 5)=0 <wec(h) 
is the equation to a circle coaxal with the given pair. 
It cuts XX’ or y=0 where z?+ 12x - 33+ (a? - 5)=0, 
ot. (1-+A)a? + 122 — (83-5) =0. 

Now the roots of this equation are equal, since XX’ is to touch 
the circle, 

.. 144= —4(1+)(33-++5) (Chap. V. Art. VI.), 
.*. 5\?-+38\+69 =0, 
which gives \= -3 or - 23. 

There are thus two circles coaxal with the given pair, which touch 
the x-axis. This is in accordance with the fact that two circles can 
be drawn to pass through two given points and touch a given line. 

From (1) their equations are 

x+y? — 6a —4y+9=0 
and 92x?-+-9y? — 30x — 20y - 25=0 


Exampie 4.—Find the equation to a circle which touches the line 
x+2y=6 and passes through the intersections of the circle 2?+-y2=4 
with the y-axis. 

xv+y?-4+r2=0 
is the equation to a circle passing through the intersections of the 
circle x?+-y?=4 and the y-axis or =0, 
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This circle has to touch the line x+2y=6. 
Eliminating x to find the ordinates of their intersections we have, 


since «=6 — 2y, 
-. (6— 2y)?+y? +6 — 2y) - 4=0, 
-. By? — (d+ 12)y+2(8\+16) =0. 
The roots of this equation are equal since the points of inter- 
section are coincident, 
. &X +12)? =40(38 +16) (Chap. V. Art. VI.), 
.. 2-6 - 16=0, 
--A=8 or — 2, 
Hence two circles satisfy the given conditions, namely, 
xv+y? —2%-4=0 
and 2?+7?+8a2-4=0. 


Exame.eE 5.—Discuss the coaxal system 
(2? +-y?+ 2a —4)-+r(a?+ y? - 38a - 4) =0 
and draw some members of the system. 

The base circles of the system are 

vty+2e¢-4=0 
and a?+-4?-32%-4=0. 

Their radical axis is therefore x=0 or the y-axis. 

This line cuts either circle at the points (0, 2) and (0, - 2). 

Hence all members of the system pass through these two points. 

The equation 
(a? -++-y? + 2a — 4) +(x? +-y? - 3a -4)=0 
can be written 

; (a®@ +y?+ 2a — 4)+(2?+y? - 3a -4)=0. 

Hence 0 and are the values of the parameter 2, which give 
the base circles. When \=-1 we have the radical axis x=0. 
An infinity of unreal circles is obtained by assigning to \ imaginary 
values. 

We show in Diagram 1 those members of the system for which 


A=0, 0, -#, -4-6, and -1. 


VII. Equation to a system of circles passing through the 
intersections of a given line and circle. 

Let the equation of the circle be w+ y4?+2gu+2fy+ce=0 
and that of the straight line be la+my+n=0. 

Then exactly the same reasoning as in the case of two 
circles will show that 

x +-y2+ 2gu + 2fy +e+A(le+ my +n) =0 
is the equation to a circle passing through the intersections of 
Q 
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DraGgRam 1. 


the given line and circle (two points), and therefore that by 
varying A a coaxal system is obtained. 

Corollary.— la + my +n=0 is the radical axis of the system, 
since it joins the points common to all the members. 

When we are free to choose the axes of reference ourselves, 
and to arrange other details in any problem connected with 
coaxal circles, we invariably take the line of centres as XX’ 
and the radical axis is YY’. The system is then defined by 
means of Y Y’ and a circle with OQ as centre, as we shall show in 
next article. 


VIII. Find in the most convement form the equation to 
a system of coaxal circles. 

Suppose that A and B are the two fixed points of the 
system. 

Take AB as axis of y and its right bisector as axis of 2. 

Describe a circle with centre O and radius OA. Let OA =a. 

Then a? +y=a? is the equation to this circle, 
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Hence x? +4? —a? + Av=0 is the equation to a circle passing 
through the intersection of the circle just drawn and of the 


line AB (Art. VIL). Thatis to say, itis a circle passing through 
A and B. 

By varying \ a coaxal system is obtained, whose centres 
lie on XX’, the right bisector of the common chord AB. 

The equation z?+y?—a*+Az=0 is usually written in the 
form x2?+y?+2Ax%+e=0 for convenience. 

The centre is at the point (—A, 0). 


Examprie 1.—Prove that two members of a coaxal system have a 


given radius. 
We can easily see from the figure of the article that this will be 


the case. Suppose, for example, that the given radius is 5 units. 
Then a circle with centre A and radius 5 units will cut xx’ at two 
points C' and C’, and either of the circles with centres C and C’ and 
the given radius will pass through A and B. We proceed to prove 
this analytically. 

Let the equation to the coaxal system be 

v+y?+2rhe-+ce=0. 
Let r be the radius of any member. 
Then r7=)?-c, 
w= ta/P te. 

Hence if 7 be given, then \ may have one of two values numeric- 

ally equal but opposite in sign. 


Exame_e 2.—Find the members of the coaxal system 
vty?+2h\7+9=0 
which have a radius of 4 units. 
The square of the radius of any member =)? - 9, 
. 2 —-9=16, 
sa ac6, 
Q 2 
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The circles are v+y?+10e+9=0 
and a#-+4? - 10%+9=0. 


Exampie 3.—Prove that the polars of the origin. with respect to the 


circles of the coaxal system of last example form a set of parallel straight 
lines. 


The polar of the origin with respect to any member of the above 
system is \x+9=0 or w= - re 


Hence for any given member we have a straight line parallel to 
YY’, the radical axis. 


ExampuE 4.—In the system of Haample 2, find the member which 
cuts orthogonally that circle for which \=1. 


When A\=1 we have z?+y?+2¢%+9=0. 
Let the member which cuts it orthogonally be 2? +-y4?+2\%+9=0. 


The centres of these circles are (—1, 0) and (-—\, 0). 
From the condition C,C,?=7,2+-7,2 we get 


(A — 1)? =(1 - 9)+(A? - 9), 
whence \=9. 
The required circle is therefore v?+y?+18x%+9=0. 


IX. The Inmiting Points of a Coaxal System. 

Definition.—The point circles of a coaxal system are called 
the ‘‘ Limiting Points.” 

In Chapters V. and X. we stated that a point circle was one 
whose radius was zero (Art. I. of these chapters). 

Since two circles of a coaxal system have a given radius 
it follows that there will be two which have zero radius, so 
that there will be two limiting points Z and L’. 

Let the equation to the coaxal system be 

e+y2+2r\e+e=0. 

The square of the radius of any member =A?—c. 

The radius is therefore zero when A= + ,/c. 

The equations to the point circles are therefore 

o+y2+2 /e+e=0 
and 2+ y?-22 /e+c=0. 

These circles coincide with their centres, so that Z and L’ 
the limiting points are (,/e, 0) and (— ,/c, 0). They are 
evidently imaginary if ¢ is negative say —a*. In that case 
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the common points A and B of the system are real, for the 
line x=0 cuts any circle of the system. 


a+? + 2% —a?=0 (putting c= — a2), 
where y?—a?=0, 


that is, where y= +a (real numbers). 


ExamePce 1.—Find the limiting points of the coaxal system 
x+y?t2r07+9=0. 
The square of the radius of any member =)? - 9, 
The radius is therefore of zero length when \= +3. 
Hence the point circles of the system are 
x*+y?+6%+9=0 
and x+y? -62+9=0. 
These circles coincide with their centres, the limiting points. 
>, L=(-3, 0) and L’=(8, 0). 
EXAMPLE 2.—Show that the coaxal system x?+-y?12h\e-7=0 
has imaginary limiting points. 
The square of the radius of any member =)?+7. 
The radii of the point members are therefore given by \?+7=0 
or \=+,/-7. 
Since ) is unreal it follows that the limiting points are imaginary. 


X. The Circle of Apollonius—A point P moves so that the 


ratio of its distances from two fixed points A and B is constant. 
Prove that the locus of P is a circle. 


Take AB as axis of # and its right bisector as axis of y. 


AP — 
' Let aii he y 
Let P=(z, y) and A=(a, 0). 
Then B=(-4, 0). 
Now, since pp ae =), B 
is 
 pRi- 
(z— ay +o _ 
(c+a)*+y? 


«(1 —A)a®+ (1 —A)y® — 2a(1 + A)a+ a%(1 — A) =0, 


2Qa(1 + A) 
we age ye — Lean 


+a7=0. 
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The locus of P=(zx, y) is a circle having (a, o} as 
centre. It is called the Circle of Apollonius. 

Corollary —tIf » be varied from o to © a system of coaxal 
circles having YY’ as radical axis is obtained. We show them 
in the diagram below, taking AB=2 units. 

The limiting points can easily be shown to be ‘A and B. 
Regarded as point circles they have as their parameters 


DraGRram 2. 


XI. MISCELLANEOUS EXAMPLES 


Exame.e 1.—A variable circle cuts a given circle orthogonally. 
If the tangents from a fixed point to both circles are equal, find the 
locus of the centre of the variable circle. 

Take the fixed point as origin and let the equation to the given 
circle be 

vy? +-29e+2fy+c=0. 
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Let (x’, y’) be the centre of the variable circle whose equation 
will then be 
22-4? — Qa’ — Qy’y+e’ =0. 
The circles cut orthogonally if 
ce’ = — 2(gx’+-fy’) {Art. IL} : ah). 
But the tangents from O to both circles are equal, therefore by 


equating their squares we have 
C=C" ; : ; (a) 


2¢= - 2(gx’ +fy’), 

2 gx’ fy’ +c=0. 
The locus of (a’, y’) is the straight line gx+fy+c=0. 
It is the polar of O with respect to the given circle. 


Hence by (1) and (2), 


EXAMPLE 2.—A variable circle passes through a fixed point and 
cuts a given circle orthogonally. Find the locus of tts centre. 

Take the fixed point as origin, and the line through it and the 
centre of the given circle as axis of x. 

Let (x’, y’) be the centre of the variable circle. 

Then the equation to the given circle will be 

u?+y?+29qz+c=0, 
and that of the variable circle which passes through O 
u+y? — 2x’ — 2y’y=0. 
These circles cut orthogonally, 
.". C= — 29a’ (see Art. IT.). 


Hence the locus of (x, y’) is the straight line x= - iy 


It is parallel to YY’. 


Examete 3.—In a system of coaxal circles prove that the polar of a 
limiting point is the same for all members of the system. 
Let the equation to the system be 
v+y?+22he+c7=0. 
Then square of radius of any member =)? - c?. 
This is zero when A= +c. 
The limiting points are therefore (c, 0) and (-c, 0), a8 these are 
the centres of the point members of the system. : 
The polar of (c, 0) with respect to any member of the system 1s 
ca-+n(a+e)-+c?=0, 
.. C(a+c)+r(x+c)=0, 
"s *. (w+e)(e+r)=0. 
Now c-+A+0 in general, 
ee-tc=0.. 
Hence the polar of (c, 0) is the line parallel to the radical axis 
(i.e. YY’), which passes through the other limiting point (—c, 0). - 
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Exampie 4.—Prove that all circles which pass through a fixed 
point and have their centres on a given line pass through another fixed 
point. 

Take the fixed point as origin and 
the perpendicular from it to the given 
line as axis of y. 

Then the centres of all the circles 
have the same ordinate. 

x Let (x’, f) be the centre of one of 
these circles. 

Its equation will therefore be 

x? + y? — 2x’a — 2fy=0. 

Now / is a constant as we have already indicated, but x’ varies 
from circle to circle. 

Hence the circles form a coaxal system passing through the 
intersections of the line 7=0 with the circle x?+y? - 2fy=0. 

The line ~=0 cuts this circle where y? - 2fy=0, that is, where 

y=0 or 2f. 
- The second fixed point is therefore (0, 2/). 


ry. 


EXAMPLE 5.—Prove that if two circles cut orthogonally, then any 
diameter of the first is cut harmonically by the second. 

Take the diameter AB of the first as 
axis of x and let the equation to the circle 
be a?-+y?=a?. 

Let the equation to the second circle EE e\\ 
be w+ y?+29x-+2fy+c=0. B 

Since the two circles cut orthogonally, 

.. ¢—a*=0 (Art. IT), 


yi 


AH 7) 
The equation to the second circle is therefore 
v+tyt+2qe+2fyta=0 . - By 


Let it cut AB the x-axis at a point P in the ratio \; 1. 
Now A=(a, 0) and B=(-a, 0), 
. pa {A= 
i tes te es OE 
Hence since P lies on (1), 
_ @1—-)?  2ag(1 —2) 
“* (1--A)P 1+ 
Which gives (gy —a)\? -— (g+-a)=0 


whet / ; 


Since the two values of \ are of the same magnitude but of 
opposite sign, it follows that the second circle divides AB externally 


+a=0. 
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and internally in the same ratio, or in other words divides it har- 
monically. 


EXAMPLE 6.—A variable circle cuts two fixed circles. Prove that 
the radical axes of the variable circle and each of the fixed circles intersect 
on the radical axis of the given pair. 

Take the line joining the centres of the fixed circles as axis of 
x, and their radical axis as axis of y. 

Their equations are therefore 


e+yt2yw+tk=0 ‘ : sel) 
and a+y?+2\.7%+k=0 . : oa na). 

Let the equation to the variable circle be 
V+y+2ge+22fyte=0  . 3 eS): 


The radica] axes of (1) and (3) and of (2) and (3) are respectively 
2(9 —4)e+2fyte-k=0 
and 2(g —)e+2fy+ce-k=0. 
By subtraction these lines intersect on the line 2(d, —d,)z=0 
or «=0 (Chap. VIII. Art. VI.), the radical axis of (1) and (2). 


RESUME 


1. Two circles with centres C, and C, and radii r, and ry 
cut orthogonally if C,C,2=71,?+7,7. 

The analytical condition is ¢,+¢,=2(919. + fifo). 

2. The common chord of two circles is called their ‘‘ Radical 
Axis.” It is the locus of points from which equal tangents can 
be drawn to the two circles. 

3. A coaxal system of circles is one whose members all pass 
through two fixed points. These can be real, coincident, or 
imaginary. The equation to such a system is 

(a2 + y2 + 2q,2 + yy + Cy) + (uw? + y? + Qgou + Woy + Cy) =O. 
The parameter of the system is A. 

4, The most convenient form of the equation to a coaxal 
system is 22+y?+2Az+c=0. The two fixed points of the 
system are the intersections of the line «=0 and the circle 
e+y%+e=0. 

5. The point members of a coaxal system are called the 
“Limiting Points.” There are two of them, and they may 
be real or imaginary. 
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EXAMPLES 


1. Prove that the circles 
e+ty?+4e+10y+8=0 and #-+y?+6r+8y+44=0 
cut orthogonally. 


2. Prove that the circles 
e2ty?+ 2a —5y=0 and 2?+y? - 7x+4y - 17=0 
cut orthogonally. 
3. (i.) If the circles 
ety? — 6x -14y+2=0 and 2+y? -4x-10y+c=0 
cut orthogonally, find c. 
(ii.) Prove that if the circles 
xt y?+ 29,04 2fyy+c,=0 and 23+ y?+ 29,%-+ 2foy +¢,=0 
cut orthogonally then their centres are conjugate points with 
respect to the circle 
, a? y= 3(Cy +69). 

4. A variable circle passes through the origin and cuts the circle 
x?+y% —10¢%+12y-9=0 orthogonally. Find the locus of its centre. 
(See Art. II. Ex. 2.) 

5. A variable circle touches the x-axis and cuts the circle 
z?-+y%=9 orthogonally. Find the locus of its centre. (See Art. IT. 
Ex. 3.) 

6. A variable circle touches the y-axis and cuts the circle 
x?+y? —5a=0 orthogonally. Find and draw the locus of its centre. 


7. Find the radical axes of the following pairs of circles and draw 
the systems of (1) and (2) on squared paper. 
ayf7 tut bere = ()j 
\v*-++y? - 10y+17=0. 
ON BAGE —9x-+6y-5=0. (N.B.—Find a point 
x+y? — 3x -6y+7=0. on each of this pair.) 
(8) (ater, — 12%+20y - 15=0. 
3x? +-3y?-+ 6a — 3y+8=0. 
Verify in each case that the line of centres is perpendicular to the 
radical axis. 


8. Write down the equation to a system of coaxal circles passing 
through the intersections of the circles 
x+y" — 5a+4dy-2=0 
and x?+-y?+3a —2y+6=0. 

(i.) Find the member of the system that passes through the 
origin. 

(ii.) Find the members of the system which touch XX’. 

(iii.) To which member of the system is the tangent from the 
origin two units in length ? 
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9. Write down the equation to the family of coaxal circles which 
pass through the intersections of the circles 
v?+y?+ 6x —4y+8=0 
and x?+-y? — 27+6y -10=0. 

(i.) Find the two points through which all the members pass 
and draw a few of the latter, showing the values of the 
parameter in each case. 

(ii.) Find the values of the parameter correct to two decimal 
places, for these members which have a radius of 4 units. 

(ii.) Find the equation to those members of the system which 
cuts the base circles orthogonally. 


10. Write down the equation to the coaxal system which is 
defined by the intersection of the straight line 3x+4y=12 and the 
circle 77+ y7 — 8% —-4y+3=0. 

Which member of the system has its centre on XX’ ? 

Which member has its centre on the y-axis ? 

Draw the given line and circle, and the two circles just found, 
showing in each case the value of the parameter. 


1]. A variable circle passes through the origin and has its centre 
on the line x+y=3. Prove that it passes through another fixed 
point and find it. 

Steps: (i.) Write down the equation to a circle passing through O. 

(ii.) State the condition that its centre lies on x+y=3, and use 

it to eliminate one of the co-ordinates of the centre in 
the equation to the circle. 

(iii.) The result will be the equation to a coaxal system. Find 

the two points which define it. 


12. A family of circles touches YY’ at O. Write down their 
equation and find the member which passes through the point 
( os 1, 3). 

13. In Example 1 it was proved that the circles 

etytd4etloy+8=0 and 2*+y?+6r+8y+44=0 
cut orthogonally. Prove that the radical axis is the polar of the 
centre of one with respect to the other. 


14, The variable circle #-+-y? — 2a’x-2y’y+c=0 cuts the fixed 
circle 2?+-y?=9 orthogonally. 

(1) Prove that their radical axis is the polar of the centre of the 
variable circle with respect to the fixed one. 

(2) If the radical axis always passes through the point (3, 6), 
find the locus of the variable centre. 

15. On a given straight line OX a variable length OP is drawn. 
Q is a point such that the area of the square on 00 exceeds that of 
AOPQ by 4 sq. units. Prove that the locus of @ is a system of 
coaxal circles. 
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Draw some members of the system. What are the common 
points and what line is the radical axis ? 


16. Which members of the coaxal system «?+-y?- 2\%-—16=0 
have a radius of 5 units ? 


17. Which of the following coaxal systems have real limiting 
points (Art. IX.) ? 
(i.) w+y?+2d\7+4=0. 
(ii.) a? -+y? — 2\% -6=0. 
(iii.) v?+y? — 2.y+25=0. 
Draw figures showing the limiting points when these are real. 


18. Circle of Apollonius. A line AB is 6 units long. A variable 
point P moves so that the ratio PA: PB is constant. 

Prove that the locus of P is a member of a coaxal system. Draw 
the pencil of circles showing the limiting points. 


19. If Lis a limiting point of the coaxal system 
v+ty?t2ho+c?=0, 
prove that XX’ cuts any member of the system in two points, 
P and Q, such that OP -OQ=OL?. 


20. In last example verify that the tangents drawn from a point 
on the radical axis to all members of the system (including the 
limiting points) are equal. 

21. Prove that the polar of a limiting point with respect to any 
member of the system is a fixed line passing through the other limiting 
point. 

22. @ is a variable point on the radical axis of the pencil 

v+tyt2e+tc=0. 
A circle is described, having @ as centre and the tangent from 
Q to the given coaxal system as radius. Prove that this circle is 
a member of another coaxal system which passes through the 
limiting points of the first family and has XX’ as radical axis. 
Prove also that the two systems cut orthogonally, and that one of 
them has real and the other unreal limiting points. 


23. Prove that the polars of a given point with respect to a pencil 
of circles form a pencil of lines. 


24. A variable circle passes through a fixed point and has its 
centre on a given line. Prove that it is one of a pencil of circles 
having the given point and another fixed point as vertices. 

(Hint.—Take the fixed point as origin and a parallel to YY’ as 
the line of centres.) 


25. A circle is described with O as centre. A system of circles is 
drawn with their centres on XX’ so as to cut the first circle ortho- 
gonally. Show that the system is a coaxal one. 


26. Prove that the circle on the join of the limiting points of 
a coaxal system as diameter cuts all the family orthogonally. 
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27. If the circle 22+ y?+2gx+2fy+c=0 cuts the circles 
v+y?+2ar+kh?=0 
and x?+y?+2b2+k?=0 
orthogonally find g and ec. 


28. Tangents are drawn from a limiting point to the members 
of a coaxal system. Find the locus of the points of contact. Com- 
pare this result with Example 23. 

(Aint.—State the condition that the tangent at (x’, y’) passes 
through ZL.) 


29. Find the locus of the centres of all circles which cut orthogon- 

ally the circles 
xv+-y?4+-2x¢-+3y-3=0 
and x?+y? - 8x - 6y+21=0. 

' 30. Prove that the circle 2?+y?=5 cuts each of the circles 
x +y?+2¢+2y+5=0 and 2+y? - 42 —-6y+5=0 orthogonally. 

Verify that the point (1, 2) lies on the first circle, and show that 
its polars with respect to each of the other two circles intersect on 
the first circle. 


31. In last example (2, y,) lies on the first circle. 

(i.) Prove that its polars with respect to the other two circles 
intersect on the line 3x+4y+3z,+4y,=0. 

(ii.) Throw this equation into such a form as to show that its 
graph cuts the first circle at the point (-2,, — y,). 

(iii.) Verify that the point (-—,, —y,) is the intersection of the 
polars, and hence prove that these intersect on the first 
circle. , 

(iv.) State the property which has been established by these 
steps. 


32. A variable circle cuts a fixed circle orthogonally. 

Find the locus of its centre, if the radical.axis always passes 
through a given point. 

33. Which members of the system 2?+y?-+-2g~-—-4=0 touch the 
line y=22-+3 ? 

Draw a graphical figure. 

34. PQ and RS are equal lines of variable length, on OX and OY 
respectively. 

A point 7’ moves so that the square on O7' is equal in area to the 
sum of the triangles PQ7' and RST. Prove that the locus of 7’ is 
a pencil of circles. 


35. A variable circle cuts a fixed circle orthogonally. ; 

If the tangents from a given point to each circle are of equal length, 
prove that the locus of the centre of the variable circle is the polar 
of the point with respect to the fixed circle. 


36. A variable circle cuts two fixed circles orthogonally ; find 
the locus of its centre. 
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37. Prove that the polars of a point on the radical axis with 
respect to all members of a coaxal system intersect on that axis. 


38. Prove that the three radical axes of three given circles are 
concurrent. 

39. A system of circles touch a fixed line at a given point. Prove 
that the polars of all points on the fixed line pass through the given 
point. 

40. Two circles cut. each other orthogonally. Prove that the 
centre of one is the pole of the radical axis with respect to the other. 


41. Two circles cut orthogonally. PQ is a diameter of one of 
them. Prove that Q lies on the polar of P with respect to the other. 


42. Prove that the locus of the centres of all circles which pass 
through a fixed point and cut a given circle orthogonally is a straight 
line. 

43. Find the condition that the two circles 

w+yP+2g,%+2fy +c, =0 
and a-+-y?+29,.7%+2f,ytc,=0 
cut orthogonally, in the following way: 

(1) Let (a, y,) be a point of intersection. Write down the 
equations to the tangents there to both circles, and state the 
condition that they be at right angles. 

(2) State the conditions that (x,, y,) lie on each circle, and add 
the two results. 

(3) Combine (1) and (2). 

44, Prove Example 5, page 232, as follows: 

(i.) Find the condition that the two circles cut orthogonally. 

(ii.) Since P and Q harmonically separate A and B, they are 
therefore conjugate points with respect to the circle 
having O as centre. Work out the condition for this, 
taking P=(a,, 0) and Q=(, 0). 

(iii.) Find the quadratic equation giving the points P and Q 
where XX’ cuts the right-hand circle, and from it prove 
that the condition of (ii.) is true. i 
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(17.) Nos. (i.) and (iii.). They are (2, 0) and (—2,0); (5, 0) and (—5, 0). 
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